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PRINCIPALLY POLARIZED ORDINARY ABELIAN VARIETIES
OVER FINITE FIELDS

EVERETT W. HOWE

ABSTRACT. Deligne has shown that there is an equivalence from the category
of ordinary abelian varieties over a finite field k& to a category of Z-modules
with additional structure. We translate several geometric notions, including
that of a polarization, into Deligne’s category of Z-modules. We use Deligne’s
equivalence to characterize the finite group schemes over k that occur as kernels
of polarizations of ordinary abelian varieties in a given isogeny class over k .
Our result shows that every isogeny class of simple odd-dimensional ordinary
abelian varieties over a finite field contains a principally polarized variety. We
use our result to completely characterize the Weil numbers of the isogeny classes
of two-dimensional ordinary abelian varieties over a finite field that do not
contain principally polarized varieties. We end by exhibiting the Weil numbers
of several isogeny classes of absolutely simple four-dimensional ordinary abelian
varieties over a finite field that do not contain principally polarized varieties.

1. INTRODUCTION

Every isogeny class of abelian varieties over an algebraically closed field con-
tains a principally polarized variety, but very little is known about what happens
over non-algebraically-closed fields. In this paper we consider isogeny classes of
ordinary abelian varieties over finite fields, and we give an explicit criterion for
deciding whether such an isogeny class contains a principally polarized variety.

Let k be a finite field with ¢ elements and let % be an isogeny class of
ordinary abelian varieties over k. For every variety 4 in & we let R, be
the subring of End 4 that is generated over Z by the gth-power Frobenius
endomorphism F of A4 and the Verschiebung endomorphism V = q/F of
A. An isogeny 4 — B defines an isomorphism R, — Rp that identifies the
Frobenius endomorphisms of the two varieties, so the ring R, is an invariant
of the isogeny class % ; we denote this ring by Rg, and we denote its subring
Z[F+V] by R . Deligne has defined an equivalence from the category of ordi-
nary abelian varieties over k to a certain category of Z-modules with additional
structure. In §4 we will use this equivalence to associate to every polarization
A of a variety in & a finite Rz-module whose module structure determines
the finite group scheme kerA (see the last part of §4, from Lemma 4.13 on-
ward); in particular, the rank of kerA is equal to the cardinality of the module
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associated to A. In §5 we will associate functorially to % a finite two-torsion
group Z (%) and a homomorphism from the Grothendieck group G(R%) of
finite length R -modules to % (%). We will define a particular element Iz of
% (%), and at the end of §5 we will prove the following theorem.

(1.1) Theorem. The Jordan-Hdlder isomorphism classes of the Rg-modules that
come from polarizations of elements of € are exactly the Jordan-Hélder isomor-
phism classes that contain Rg-modules of the form M ®re Ry, where M is

an RZ-module whose image in B (%) is equal to Iz . In particular, there is a
principally polarized variety in € if and only if Iz =0.

What makes this result useful is that it is possible to calculate the group
% (%) and the element Iz in any specific case, and for isogeny classes of
simple varieties we can even give a quite explicit general criterion for deciding
whether Iz is zero (see Corollary 11.4). Loosely speaking, our criterion shows
that it is very easy for Iy to be zero, and in §11 we will use our criterion to
prove the following surprising resuit.

(1.2) Theorem. Let & be an isogeny class of simple odd-dimensional ordinary
abelian varieties over a finite field. Then there is a principally polarized variety
in .

In §12 we will consider isogeny classes of two-dimensional ordinary abelian
varieties. Every such isogeny class & corresponds via the result of Honda and
Tate (reviewed in §3 below) to a polynomial Az of the form X*+aX3-bX2+
aqX + g%, where ¢ is the cardinality of the finite field k. In §12 we will prove
the following theorem, which should be compared with the results in [1, §5.4].

(1.3) Theorem. Let q be a power of a prime p, let k be a field with q elements,
let a and b be integers, and let

h=X*+aX?®-bX?+aqX +q>.

Then h = he for an isogeny class & of two-dimensional ordinary abelian vari-
eties over k that does not contain a principally polarized variety if and only if
g =a*+b and b is a positive integer, coprime to q, all of whose prime divisors
are 1 modulo 3.

In §13 we will use Theorem 1.3 to prove that except for the isogeny classes,
characterized in Theorem 1.3, that do not contain a principally polarized va-
riety, every isogeny class of two-dimensional ordinary abelian varieties over a
finite field k£ contains the Jacobian of a curve over k—this is Theorem 13.3,
which extends a theorem of Riick ([16]).

It is natural to wonder whether there are theorems for arbitrary abelian vari-
eties over a finite field analogous to the results proven in this paper for ordinary
abelian varieties. In a forthcoming paper ([7]) we will show that a version of
Theorem 1.1 does exist for arbitrary abelian varieties over a finite field; the
problem is that there is not as yet a method for computing I in the general
case. However, Theorem 1.2 does generalize to arbitrary abeiian varieties over
a finite field.

The plan of the present paper is as follows: In §2 we will review the definitions
of Grothendieck groups and Chow groups. In §3 we will use the general result
of Honda and Tate on isogeny classes of abelian varieties over finite fields ([6],
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[19]) to show that isogeny classes of ordinary abelian varieties over finite fields
correspond to polynomials of a certain type; we will call these polynomials ordi-
nary Weil polynomials. In §4 we will recall Deligne’s equivalence of categories
and we will see how the concept of a polarization translates to his category of
Z-modules with extra structure. We will use the results of §4 throughout the
rest of the paper. In §5 we will define the obstruction group Z (%) and the
obstruction element Iz of Theorem 1.1, and we will show how the theorem
follows from a number of propositions, which we will prove in §§6, 7, and 8.
In §§9, 10, and 11 we will show how Z (%) and Iz can be calculated from
the Weil polynomial associated to & . We will apply the techniques developed
in these sections to the case of two-dimensional varieties in §12, where we will
prove Theorem 1.3. Finally, in §13 we will use our results to construct the Weil
polynomials of isogeny classes of absolutely simple four-dimensional ordinary
abelian varieties that do not contain principally polarized varieties.

Conventions and notation. If A and B are varieties over a field k, then when
we speak of a morphism from 4 to B we mean always a morphism defined
over k. For instance, if A4 is an abelian variety over a field k, and if k is
an algebraic closure of k, then what we call End 4 some authors would call
End, A, and what we call End(4 x, k) some authors would call End 4.

All rings are understood to be commutative with identity unless otherwise
noted.

A form from an abelian group M to an abelian group N is a pairing M x
M — N. Most of our nomenclature pertaining to pairings and forms will be
standard; thus, for instance, if R is a ring with an involution r — 7 and if p is
a form from an R-module M to an R-module N, then we will say that p is
R-sesquilinear if we have p(rf, m) = rp(¢{, m) = p(¢,7m) for all r € R and
¢, m e M. However, we will use one term that may not be so common: If R is
aring with an involution and if p is a form from an R-module M to an abelian
group N, then we say that p is R-semi-balanced if p(rt, m) = p(£,7m) for
all r ¢ R and ¢, m € M. We will sometimes omit the R- from terms like
R-semi-balanced and R-sesquilinear if the ring is clear from context.
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dissertation, written at the University of California, Berkeley; the author thanks
his advisor, H.W. Lenstra, Jr., for his encouragement, advice, and support,
without which this paper would not have been written. The author also thanks
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others in Besangon who made his visit there enjoyable and productive for their
hospitality. The number-theoretic calculating program PARI/GP, by C. Batut,
D. Bernardi, H. Cohen, and M. Olivier, was of great help in the construction
of many of the examples in this paper.

2. BACKGROUND: GROTHENDIECK GROUPS AND CHOW GROUPS

Some of the ideas and results of this paper are best expressed in terms of
Grothendieck groups and Chow groups. In this section we will review the defi-
nitions of these groups. We will only define Chow groups for a special class of
rings, called orders, that we will define below.
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Let R be a ring. We say that an R-module M is finite if it has finite
length. Let .#(R) denote the free abelian group on the isomorphism classes of
finite R-modules. Let G(R) be the quotient group of .#(R) by the subgroup
generated by the expressions M — M’ — M" for all exact sequences of R-
modules 0 - M’ — M — M" — 0. We call G(R) the Grothendieck group (of
finite length modules) of R. It is not hard to see that G(R) is a free abelian
group on the simple R-modules. For every finite R-module M, we let [M]x
denote the image of M in G(R). Two R-modules M and N are Jordan-
Holder isomorphic if [M]gr = [N]r. An element P of G(R) is effective if there
is an R-module M such that P = [M]g. If we write P = > n;[Si]r as a
sum of multiples of distinct simple R-modules S;, then P is effective if and
only if each n; is non-negative. If P and Q are two elements of G(R), we
write P > Q if P—Q is effective. The length of P, denoted length(P), is the
integer 3 n;. Clearly, length is a homomorphism from G(R) to Z, and for
every finite R-module M the length of [M]r is the usual length of M as an
R-module.

An order is a ring R that has no nilpotent elements and that is free and
finitely generated as a Z-module. Let R be an order, and let K be the total
quotient ring Q(R) of R, that is, the localization of R at the multiplicative
set of non-zero-divisors. The ring K is a finite product of number fields, and
R can be viewed as a subset of K. In fact, R is a subring of finite index in
Ok , the integral closure of Z in K. Conversely, if K is a finite product of
number fields and R is a subring of finite index in @k , then R is an order. In
this situation we say that R is an order of K, or an order in K. Notice that
K is equal to the tensor product R® Q.

Suppose R and S are orders and w: R — S is a ring homomorphism. Then
S is finitely generated as an R-module, so every finite S-module can also be
viewed as a finite R-module. This gives us a homomorphism from .Z(S) to
A (R), and since an exact sequence of S-modules is also an exact sequence of
R-modules, we get a homomorphism G(y), the norm, from G(S) to G(R).
One can easily verify that G is a contravariant functor from the category of
orders to the category of abelian groups. On the other hand, if M is a finite
R-module then M ®¢ S is a finite S-module, so the tensor product gives us a
homomorphism from #(R) to .#(S). If S is flat over R, then the tensor
product takes short exact sequences of R-modules to short exact sequences of
S-modules, so the tensor product induces a homomorphism ., from G(R) to
G(S). If it is clear from context which map ¥ from R to S we are referring
to, we will sometimes write Ns/;z for G(y). If in addition S is flat over R,
we will sometimes write fs5r for vy, .

Suppose R is an order and let K be the ring Q(R). We define a homo-
morphism Prg: K* — G(R) from the group of units of K to G(R) as follows:
Given an x € K*, we write x = a/b for some non-zero-divisors a and b in
R and we define Prgr(x) tobe [R/aR]gr—[R/bR]r . Itis easy to check that Prg
is well-defined. The elements of G(R) in the image of Prg are called principal
elements. The Chow group of R, denoted Ch(R), is the group G(R)/Prg(K*),
the cokernel of Prg.

Let R and S be orders and let y be a ring homomorphism from R to S,
so that .S can be viewed as an R-module. Let K = Q(R) and let L = Q(S).
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Then L is a locally free K-module of finite rank, and since K = [[;.; K; is a
product of fields we can write L = [],.; L; as a product of K;-algebras. This
gives us a norm map N;/x from L to K defined by sending an element x
of L to the element of K which on each factor K; is the determinant of
the endomorphism of L; obtained by restriction from the multiplication-by-x
endomorphism of L. The norm of a unit of L is a unit of K, and we have
the following well-known lemma.

(2.1) Lemma. In the above notation, Ns/r(Prs(x)) = Prr(Np/k(x)) for every
unit x of L.

Proof. First of all, we need only prove the statement of the lemma for x € L*
such that x € § and Np/kx(x) € R, since these x generate L*. For such x,
the statement of the lemma is that [S/xS]g = [R/Nyk(x)R]r. Let 4 =,
let B =}, and consider the following diagram of R-modules:

xB C B
U U
xS c S.

Since the finite R-modules xB/xS and B/S are isomorphic, we see that
[B/xB]r = [S/xS]r . Similarly, we see that [4/Np/x(x)A]r = [R/Nrk(x)R]r,
so we will be done if we can show that [B/xB]4 = [A/Ny/k(x)Al4. To prove
this equality it will be enough to prove the corresponding equality for every
localization of A, so pick a prime p of A4 and replace 4 and B with their
localizations at p. Now A is a regular local ring and hence a principal ideal
domain, and B is a finitely generated free 4-module. Our equality now follows
from [18, §1.5, Lemma 3, p. 17]. O

Lemma 2.1 shows that the norm from G(S) to G(R) induces a homomor-
phism from Ch(S) to Ch(R) which we will again call the norm and denote by
Ch(y). Thus Ch is a contravariant functor from the category of orders to the
category of abelian groups.

Suppose R is an order and let K = Q(R). Let K be the subgroup of K*
consisting of elements x € K* such that ¢(x) > 0 for all ring homomorphisms
¢:K — R from K to the real numbers. The narrow Chow group of R, de-
noted Ch*(R), is the group G(R)/Pr(Ky), the cokernel of Pr|k,. Lemma 2.1
shows that Ch* gives a contravariant functor from the category of orders to
the category of abelian groups.

An order R is totally real if every ring homomorphism from R to the com-
plex numbers maps R into the real numbers. An order R is totally imaginary
if there is no ring homomorphism from R to the real numbers. Notice that
if R is a totally imaginary order then K, = K*, so that Ch*(R) = Ch(R).
A CM-field is a totally imaginary quadratic extension of a totally real number
field. An order R is a CM-order if Q(R) is a product of CM-fields. If K is a
product of CM-fields, let K+ denote the product of the maximal real subfields
of the factors of K ; we view K* as a subset of K. Given a CM-order R, let
R+ denote the intersection of R with Q(R)*; the order R* is totally real.

We end this section with a simple example.

(2.2) Example. Suppose K is a totally real subfield of a totally imaginary
field L. Then Ch(#;) = CI(L), the ideal class group of L, and Ch* (%) =
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CI*(K), the narrow class group of K. The norm from Ch(&;) to Ch* (&%) is
the usual norm of ideal class groups.

3. ISOGENY CLASSES OF ORDINARY ABELIAN VARIETIES OVER FINITE FIELDS

Suppose k is a finite field with ¢ elements. If 4 is an abelian variety over
k , we denote by A, the characteristic polynomial in Z{X] of the Frobenius
endomorphism of 4. The degree of the polynomial 4,4 is twice the dimension
of A, and Weil’s theorem for curves says that every complex root of A4 is
a Weil gq-number, that is, an algebraic integer 7 such that |¢(n)| = q!/? for
every embedding ¢ of Q(n) into C. The theorem of Honda and Tate (see [6],
[19]) says that the map that sends a simple abelian variety 4 over k to the set
of complex roots of 4, induces a bijection between the set of isogeny classes
of simple abelian varieties over k and the set of Galois conjugacy classes of
Weil g-numbers. In this section we will state a slight variant of the Honda-
Tate theorem that works only for ordinary abelian varieties. We begin with two
definitions.

(3.1) Definition (see [3, §2]). Let ¢ be a power of a prime number p, let k be a
field with g elements, and let k be an algebraic closure of k. A g-dimensional
abelian variety 4 over k is ordinary if the following equivalent conditions are
satisfied:

(a) A has exactly p& points over k of order dividing p .

(b) The connected component of the kernel of the multiplication-by-p map
on A is of multiplicative type.

(c) At least half of the roots of A, in Q, , counting multiplicities, are
p-adic units.

(d) The middle coefficient of 4, is not divisible by p.

(The middle coefficient of a polynomial in X of degree 2g is the coefficient of
X&)

(3.2) Definition. Let g be a power of a prime number p. An ordinary Weil
g-polynomial is a monic s € Z[X] of even degree such that

(a) all of the roots of 4 in C have magnitude ¢!/?, and
(b) the middle coefficient of 4 is not divisible by p.

From these definitions we see that if 4 is an ordinary abelian variety over
F,, then A, is an ordinary Weil g-polynomial. In fact, all ordinary Weil g-
polynomials arise in this way.

(3.3) Theorem (Honda-Tate for ordinary varieties). Let g be a power of a prime
number p and let k be a field with q elements. The map that sends an ordinary
abelian variety A over k to the polynomial h, induces a bijection between the
set of isogeny classes of ordinary abelian varieties over k and the set of ordinary
Weil q-polynomials. Under this bijection, isogeny classes of simple ordinary
abelian varieties correspond to irreducible ordinary Weil q-polynomials.

Proof. This theorem follows easily from the standard Honda-Tate theorem ([19,
Théoréme 1, p. 96]) and from the fact that for a simple ordinary abelian variety
A the polynomial 44 is irreducible. O
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Finally, it is useful to note that ordinary Weil g-polynomials have a special
form.

(3.4) Proposition. Suppose that
h=X2% +a2g_|X23‘1 +--+a; X +ay

is an ordinary Weil q-polynomial. Then X?8h(q/X) = q8h(X); we have ay =
g8, andfor i=1,...,g wehave a; =q¥ 'azg_;.

Proof. If h had a real root then it would have a Q-irreducible factor of the
form X + q'/2 or X% — g, depending on whether or not ¢'/? is an integer,
and no ordinary Weil g-polynomial can have such a factor. Thus 4 factors
over R as a product of polynomials of the form X2 — tX + g, so we have
ap = g8 . Since the complex roots of 4 all have magnitude ¢'/2, it follows
that X28h(q/X) = aoh(X) = q8h(X). The statement about the symmetry of
the coefficients of # follows immediately from this equality. a

4. ORDINARY ABELIAN VARIETIES OVER FINITE FIELDS

In the previous section we presented a slight variant of the theorem of Honda
and Tate that provides a simple description of isogeny classes of ordinary
abelian varieties over a finite field. The result of Deligne presented in [3] can
be viewed as an extension of this variant of the Honda-Tate theorem: For ev-
ery ordinary abelian variety in an isogeny class corresponding via Theorem 3.3
to an ordinary Weil polynomial %, Deligne provides a finitely generated free
Z-module and an endomorphism of the module having characteristic polyno-
mial 4. In fact, Deligne shows that the category of ordinary abelian varieties
over F, is equivalent to a category .%; whose objects are finitely generated free
Z-modules provided with an endomorphism having certain properties. In this
section, we will review the results of [3] and see how the concept of a polariza-
tion can be expressed in the category .%;. We begin by defining the category
% .

(4.1) Definition. If ¢ is a power of a prime p, let % be the category of
pairs (T, F) where T is a finitely generated free Z-module and F is an
endomorphism of T satisfying the following conditions:

(a) The endomorphism F®Q of T®Q is semi-simple, and its eigenvalues
in C have magnitude ¢!/2.

(b) At least half of the roots of the characteristic polynomial of F in Gp ,
counting multiplicities, are p-adic units.

(c) There is an endomorphism V of T such that FV =gq.

A morphism from (T, F) to (T', F’) is a homomorphism y:T — T’ of
Z-modules such that wo F = F'o y .

We refer to the objects of £, as Deligne q-modules, or as Deligne modules,
if g is clear from context. If B is a Deligne module, then B consists of a
Z-module and an endomorphism; we let Tp denote the module, and Fp the
endomorphism. We will write Vp for the endomorphism g/Fp . It follows from
the definition that 75 has even rank as a Z-module and that exactly half of the
roots of the characteristic polynomial of F in (_)p , counting multiplicities, are
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p-adic units—see [3, Théoreme (part d), pp. 240-241]. The dimension of B is
half of the Z-rank of Tp.

Deligne’s theorem says that the category of ordinary abelian varieties over
F, is equivalent to the category .2;. To describe the functor providing the
equivalence, we need to set some notation. Let g be a power of a prime p, let
k be a field with g elements, let k be an algebraic closure of k,let W = W(k)
be the ring of Witt vectors over k, let &: W — C be an embedding of W into
the complex numbers, let v be the p-adic valuation on Q c C obtained from
€, and let Z(1) be the subgroup 27iZ of C. If G is an abelian group, then
for every positive integer m we denote by G[m] the m-torsion of G, and
for every prime ¢ we denote by 7,(G) the £-adic Tate module of G ; that is,
Ty(G) = projlim G[¢£"]. The exponential map induces an isomorphism between
Z(1)®Z, and T,(C*).

Deligne’s functor is defined as follows: Let 4 be an ordinary abelian variety
over k and let Frob, be the Frobenius morphism on 4. Let A* be the
canonical Serre-Tate lifting of 4 to W and let F* be the lifting of Frob,
to A* (for information on the Serre-Tate lifting, see [8, §2, pp. 148-158], [10,
§V.3, pp. 171-174], or [13].) Let T(A) denote the integer homology of the
complex abelian variety Ac obtained from A* by extension of scalars from
W to C via ¢; that is, let T(4) = H,(A* ® C). Finally, let F(A4) denote
the endomorphism of T'(A4) induced by F*. The characteristic polynomial of
F(A4) isequal to hy.

(4.2) Theorem (Deligne). The functor A — (T(A), F(A)) is an equivalence of
categories between the category of ordinary abelian varieties over k and the
category %, .

Proof. See [3, Théoreme, pp. 240-241]. O

If B= (T, F) is an element of %, and if A4 is the corresponding abelian
variety over k, then T = H;(Ac), so that T ® R is identified with the Lie
algebra of Ac¢ and is thus given a complex structure. Following Serre, Deligne
gives a proposition describing in another way this complex structure.

(4.3) Proposition. The complex structure defined on T ® R as above is charac-
terized by the following two properties:

(a) The endomorphism F is C-linear.
(b) The eigenvalues of F have positive valuation under the p-adic valuation
v defined above.

Proof. See [3, Proposition, p. 242]. O

Suppose B is a Deligne module. We say that B is simple if Fp®Q is a simple
endomorphism of T3 ® Q. If C is also a Deligne module and y:B — C isa
morphism, we say that y is an isogeny if ¥ ® Q is an isomorphism between
Tg ® Q and Tc ® Q. It is easy to see that under Deligne’s functor simple
ordinary abelian varieties correspond to simple Deligne modules and isogenies
correspond to isogenies.

There are three other concepts from the category of ordinary abelian varieties
that we would like to translate into the category .4, . These are the concepts of
the dual of a variety, of polarizations of a variety, and of kernels of isogenies
between varieties.
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(4.4) Definition. If B = (T, F) is an element of .4, we define the dual of
B tobe B = (T, F), where T is the Z-module Homz(T, Z) and where
ﬁ,\ is the endomorphism of 7 such that forall w € T and t € T we have
(Fy)t)=y(V1).
(4.5) Proposition. Let A/k be an ordinary abelian variety with dual variety
A/k. Then (T(A), F(A)) is the dual of (T(A), F(A)).
Proof. From the description of the dual of a complex abelian variety ([12, §9,
p. 861, [15, §4, pp. 93-94]) we see that there is a perfect pairing e: T(A) x
T(/f) — Z(1), and from [3] we know that for every prime ¢ # p, when we
tensor e with Z,, identify Z(1) ® Z, with T,(C*), and reduce from the
Witt vectors to k, we obtain the Weil pairing e;: Ty(A) x Ty(A) — Tk ).
The Weil pairing is Galois invariant, so that if ¢ is the Frobenius automor-
phism of k/k we have e,(gx, oy) = e;/(x,y)?. Since for k-valued points
x of A we have ox = Frob(x), we see that the pairing e must satisfy
e(F(A)s, F(/T)t) =gq-e(s,t) forall se€ T(4) and ¢t € T(/f) . From this we see
that e(s, F (AA)t) =e(V(A)s, t). Thus the pairing e provides an isomorphism
between (T(A4), F(A)) and the dual of (T(A4), F(A)). O
Our next task is to translate the notion of a polarization into the language
of the category -%;. Recall that a polarization of an abelian variety 4 is an
isogeny from A4 to A that in a certain sense comes from an ample invertible
sheaf (see [11, §13]). Over the complex numbers, this condition on the isogeny
boils down to the condition that a certain bilinear form be a non-degenerate
alternating Riemann form. It is the latter criterion that allows us to determine
the correct definition of a polarization of an element of .%; . We begin by setting
some notation that we will use throughout the rest of the paper.

(4.6) Notation. Suppose B = (T, F) is an element of %;. Let R = Rg be
the subring Z[F, V] of EndB and let K = Kp be the Q-algebra R® Q. It
follows from the examples on page 97 of [19], or from [20, Proposition 7.1,
p. 553], that K is a product of CM-fields, and clearly R is an order in K. The
involution ~ of K that is complex conjugation on each of the factors of K
interchanges F and V . Recall that our choice of an embedding ¢&: W (k) — C
gave us a p-adic valuation v on Q C C; this valuation provides K with some
additional structure. Namely, we let

@ =@z ={p:K > C | v(p(F))>0};

® is a CM-type of K—thatis, ® is a set of half of all the ring homomorphisms
from K to C, no two of which are complex conjugates. Notice that ® depends
on our choice of €.

(4.7) Definition. Let K be a product of CM-fields and let ® be a CM-type
of K. Anelement x of K is totally imaginary if X = —x . A totally imaginary
x of K is ®-positive (respectively, ®-non-negative, ®-negative, ®-non-positive)
if ¢(x)/i is positive (respectively, non-negative, negative, non-positive) for all
ped.

Suppose A is an isogeny from B = (T, F) to B . Notice that A gives us a
non-degenerate R-semi-balanced form b from T to Z, defined by b(s, ) =



2370 EVERETT W. HOWE

A(t)(s) . Conversely, every non-degenerate R-semi-balanced form b from T to
Z gives us an isogeny from B to B. Also, from [9, Theorem 1.7.4.1, p. 44] we
see that for every such b there is a unique non-degenerate K-sesquilinear form
S from T =T ®Q to K such that b ® Q = Trg;q oS, and clearly different
forms b give rise to different forms S. We will call b the semi-balanced form
associated to A, and S the sesquilinear form associated to A . Similarly, we will
refer to the isogeny A obtained from a semi-balanced b or from a sesquilinear
S (with Trg,o(S(T, T)) C Z) as the isogeny associated to b or S.

(4.8) Definition. Let B = (T, F) be an element of %, . A polarization of B
is an isogeny A from B to its dual such that the non-degenerate sesquilinear
form S associated to A satisfies the following two conditions:

(a) S is skew-Hermitian, and

(b) S(t,t) is ®p-non-positive forall t e T.

(4.9) Proposition. Let A be an ordinary abelian variety over ¥, corresponding
to an element B = (T, F) of ;. Let u be an isogeny from A to A, and let

A be the corresponding isogeny from B to B. Then u is a polarization of A if
and only if A is a polarization of B.

Proof. First of all, we know from [3] that u is a polarization of A4 if and
only if uc is a polarization of the complex abelian variety 4Ac. Now, Ac
is analytically isomorphic to the complex torus Tg/7T, and from the explicit
description of the dual variety of Ac ([12, §9, p. 86], [15, §4, pp. 93-94))
we see that an isogeny from Ac¢ to its dual corresponds to a non-degenerate
C-semi-balanced form E:Tg x Tg — R such that E(T, T) c Z. There is a
bijection between the set of such E and the set of non-degenerate sesquilinear
forms H:Tg x Tg — C with H(T x T) C R + iZ, given by sending 2 form
E to the form H defined by H(x, y) = E(ix, y)+ iE(x, y). We know from
[15, §3] that the isogeny uc from Ac to ffc is a polarization if and only if
its associated form H is a Riemann form, which means by definition that in
addition to having the property that H(7T x T) c R+iZ, the form H must also
be a positive definite Hermitian form. Equivalently, £ must be an alternating
Riemann form, which means by definition that in addition to satisfying the
requirement that E(7 x T) C Z, the form E must be alternating and have the
property that the form (x, y) — E(ix, y) be symmetric and positive definite.

The fact that ties all of the above information to our definition of a polar-
ization of a Deligne module is that the non-degenerate C-semi-balanced form
E associated to yu is the non-degenerate R-semi-balanced form b associated
to A, tensored with R; this follows from the definition of A in terms of g,
found in [3]. Let S be the sesquilinear form associated to A. Using the facts
that E = b®R and that 5®Q = Trg/q oS, we can write E as the composition

(1) TaxTg -2, KgR -2, ¢ T, R,

where d is the cardinality of ®p, where ®: K ® R = C? is the map that sends
x® 1 to the d-tuple (¢(x))yco,,and where Tr is the trace map from C? to
R that sends a d-tuple of complex numbers to twice the sum of the real parts
of its elements. Let C: Tg x T — C¢ be the composition of S®R and ®. By
Proposition 4.3, the map C is a C-sesquilinear form from the C-vector space
Tr to .
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Suppose that x is a polarization, so that E is an alternating Riemann form.
We would like to show that S satisfies the conditions of Definition 4.8. First,
since E(¢,t) =0 forall ¢t € Tp and since E =bQ®R, we have b(t, t) =0 for
all 1€ Tg. Then forall s and ¢ in Ty we have

TI'K/Q(S(S, H+S(t,s) = TI'K/Q(S(S, H+S(t,s)
=b(s+t,s+1t)—b(s,s)-b(t,1)=0,

so that the sesquilinear form (s, t) — S(s, )+ S(¢, 5) on Tq is not surjective
on any factor of the product of fields K, and is therefore identically zero. This
shows that S is skew-Hermitian.

Let ¢ be an element of ®p. The weak approximation theorem from number
theory asserts that we can find a sequence {«;} of elements of K* such that if
v is an element of ®p, then lim;_ y(a;) is 0 if w #¢ andis 1 if y =¢.
Then for every t € Tg we have

2Re(ip(S(t, t))) = Tri lim Q(a}S(l, 1)) = lim Tri®(S{a;t, a;t))
Jj—oo j—oo
= lim TriC(a;t, a;t) = lim TrC(ia;t, a;t)
Jj—oo j—oo
= lim E(iajt, a;t) >0
Jj—oo

so that ¢(S(¢, t)) is negative imaginary or zero. This is true for all ¢ € ®p,
so that S(¢, t) is ®-non-positive. Thus S satisfies the second condition of
Definition 4.8, so that if u is a polarization of A4, then A is a polarization of
B.

On the other hand, suppose A is a polarization of B, so that S is a skew-
Hermitian form such that S(¢, t) is ®-non-positive for all 1€ T. Let E and
H be the forms on Ty obtained from u as above; we would like to show that
H is a Riemann form. An easy calculation using the sequence (1) shows that
forall ¢t in To we have E(t, t) = 0, and that the pairing from T to R given
by (s, t)— E(is, t) is a positive semi-definite symmetric form. By continuity,
we see that for all t € Tg we have E(t, t) = 0, and that the pairing from Tg
to R given by (s, t) — E(is, t) is also symmetric and positive semi-definite.
Thus H is a positive semi-definite Hermitian form, and we will be done if we
can show that H is actually definite.

"By [17, Theorem 7.6.3, p. 259] we can find a basis {x;, ..., x,} for the
C-vector space Tg whose elements are pairwise orthogonal with respect to H .
Since u is an isogeny, H is non-degenerate, so foreach i =1, ... , g we must
have H(x;, x;) > 0. From this fact it follows easily that H is positive definite,
so H is a non-degenerate Riemann form and u is a polarization. O

(4.10) Remark. Suppose 1:B — B is an isogeny with associated semi-balanced
form b and suppose ! is a ®p-positive element of Rp. Using ideas from the
proof of Proposition 4.9, one can show that A is a polarization if and only if b
is alternating and the form (x, y) — b(1x, y) on Rp is symmetric and positive
definite. Thus one could take these latter conditions to be the definition of a
polarization of a Deligne module. The advantage of this alternate definition
is that it is reminiscent of the definition of an alternating Riemann form on a
lattice in a complex vector space. The disadvantage is that it is not immediately
clear that the definition is independent of the element 1.
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We will see that the ring R, is an important invariant of a Deligne module
A. In fact, R, is an isogeny invariant, because if 4 and B are Deligne
modules, an isogeny from A4 to B gives us an isomorphism from R, to Rp
that takes F, to Fg and V, to Vp. Thus the following definition makes sense.

(4.11) Definition. Let € be an isogeny class of Deligne modules, and let 4 be
an element of % . Define Rg to be the ring R, and define elements Fz and
Ve of Rg by taking them to be F; and V. Define Kz to be the product of
fields R ® Q.

Later in this section we will require the following simple lemma about the
rings Rg . Further information about these rings can be found in §9.

(4.12) Lemma. Let % be an isogeny class of Deligne q-modules. The elements
Fgz and Vg of Rg generate the unit ideal of Re .

Proof. Let R=Rg,let F=Fg,let V = Vg, let g be the dimension of the
Deligne modules in %, and let 4 be the ordinary Weil g-polynomial corre-
sponding via Theorems 3.3 and 4.2 to & . Then k is the characteristic poly-
nomial of F, so A(F) = 0. We may interpret this equality as an identity in
K = R®Q, and by dividing the equality by F£ and using the relations among
the coefficients of 4 given in Proposition 3.4, we see that the middle coefhi-
cient a; of h can be written as a Z-linear combination of powers of F and
V =q/F . Thus, a, is an element of the ideal of R generated by F and V',
and since this ideal also contains g = FV, it contains 1 as well, because a, is
coprime to ¢ . In other words, F and V generate the unit ideal of R. O

Our final task in this section is to show how the group-scheme structure of
the kernel of an isogeny of ordinary abelian varieties over a finite field can be
determined from properties of the corresponding isogeny of Deligne modules.

For the rest of the section, let g be a power of a prime p, let k be a finite
field with ¢ elements, let k be an algebraic closure of k,let u:C — D be an
isogeny of ordinary abelian varieties over k, and let A: 4 — B be the isogeny
of Deligne modules corresponding to u. Let 7= T, and let U = Tp. Let
% be the isogeny class of Deligne modules containing 4 and B, let R = Rg,
let K =Kg,let F =Fg,andlet V = Vz. From the isogeny A we obtain an
isomorphism A = A® Q of the K-modules To =T ®Q and Uy =U®Q,
and we also get an R-module homomorphism iq,z from Tgz = T ® (Q/Z)
to Ugz = U ®(Q/Z). The kernel of Aq,z is equal to Aa‘(U)/T, and is an
R-module of finite cardinality.

(4.13) Lemma. With notation as above, let M,, be the sub-R-module of kerAqz
consisting of elements of order coprime to q, let M,, be the V-power torsion
of kerAqg,z, and let My, be the F-power torsion of keriqz. Then the endo-
morphisms F and V of M,, are invertible, the endomorphism F of M,, is
invertible, and the endomorphism V of M,, is invertible. Also,

kel'lQ/z = Mrr & Mrl @ er-
Proof. The lemma follows immediately from Lemma 4.12 and the fact that
FV=gq. O

Let o be the gth-power-raising automorphism of k/k, so that the Galois
group Gal(k/k) is freely generated as a profinite group by ¢. Suppose M
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is a finite abelian group and o is an automorphism of M. We construct a
finite commutative group scheme G/k as follows: Let G be the constant group
scheme over k whose group is isomorphicto M . Let ¢ acton G by permuting
the points of G via the action of a, and extend this action by continuity to
all of Gal(k/k). Then let G be the group scheme obtained from G and this
action of Gal(k/k) by Weil descent. We briefly summarize this procedure by
saying that G is the group scheme over k obtained from M by descending
via the action of «.

Before we state the next proposition we need to introduce a duali/t\y on the
category of finite R-modules. If M is a finite R-module, we let M be the
R-module that is equal to Hom(M , Q/Z) as an abelian group and where the
actions of F and V are given by (Fy)(m)=w(Vm) and (Vy)(m) = yw(Fm)
for all c//eM andall me M.

(4.14) Proposition. Let notation be as above, and let M,,, M,,, and M,, be
as in Lemma 4.13. Let G,  (respectively, G, ) be the group scheme over k
obtained from M,, (respectively, M,,) by descending via the action of F, and
let Gy, be the Cartier dual of the group scheme over k obtained from M, by
descending via the action of F. Then ker u is isomorphic as a group scheme
over k to the group scheme G,, x G,y x Gy,.

Proof. Let i:C — D be the isogeny of ordinary abelian varieties over k ob-
tained from u:C — D by base extension. The arguments in [3, §§3 and 4]
show that the kernel of 7 is isomorphic to the product of the constant nt group
scheme M,,® M,, with the Cartier dual of the constant group scheme Mg, over
k . Because u is a k-isogeny, the Galois group Gal(k/k) acts on the kernel of
7. On M, and M, the action of Gal(k/k) is simply the action defined by
letting o act as F, while on the Cartier dual of A?; the action is the dual of
the action of Gal(k/k) on M,, defined by letting ¢ act as F. Since taking
duals commutes with descent, we get the proposition. O

(4.15) Remark. The group scheme G,, is the reduced-reduced part of kerpu,
that is, the largest factor of ker u that is reduced and that has a reduced dual.
Likewise, G,, is the reduced-local part of keru, and G,, is the local-reduced
part of kerpu.

(4.16) Remark. We end this section with an important observation: In the spe-
cial case of the situation above when B = 4 and 1:4 — B is a polarization,
there is a non-degenerate bilinear form e, from kerig,z to Q/Z, defined by
e (s/Ty, t/T4) = Ag(t)(s)/Z. If b is the semi-balanced form associated to 4,
then e;(s/T4, t/T4) = bo(s, t)/Z, so e; is alternating ar.d semi-balanced on
the R-module keriq,z .

5. KERNELS OF POLARIZATIONS OF ORDINARY ABELIAN VARIETIES
IN A GIVEN ISOGENY CLASS

Suppose % is an isogeny class of ordinary abelian varieties over a finite field
k. We will call a finite group scheme G over k attainable in % if there is a
polarization of a variety in & whose kernel is isomorphic to G . Similarly, if
% 1is an isogeny class of Deligne modules and if M is a finite Rg-module, we
will call both M and its class in the Grothendieck group G(Rg) attainable in
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& if there is a polarization A of a Deligne module in & such that keriq,z is
isomorphic as an Rg-module to M . In this section we will prove Theorem 1.1,
which describes up to Jordan-Holder isomorphism the group schemes attainable
in an isogeny class of ordinary abelian varieties. The results of §4 show that to
prove this theorem it will be enough for us to prove the corresponding result for
Deligne modules. This Deligne module result (Theorem 5.6 below) describes
the elements of G(Rg) that are attainable in a given isogeny class & of Deligne
modules in terms of an obstruction group (%) and a particular element Iz
of that group. We begin by defining Z (%) and I .

If R is a CM-order, let & (R) be the cokernel of the norm map from Ch(R)
to Ch*(R*). If w:R — S is a morphism of CM-orders, let y* be the induced
map from R* to S*. The map Ch*(y*) induces a map Z(y) from Z(S)
to #(R), and & is a contravariant functor from the category of CM-orders
to the category of abelian groups. We will usually write y* for Z(y). If &
is an isogeny class of Deligne modules we define Z (%) to be Z(Ry). We will
see in §10 that & (%) is a finite group annihilated by 2.

We will need a lemma in order to define the element Iz .

(5.1) Lemma. Let E be an algebraic number field with ring of integers A, let
K be a quadratic extension of E, let B be the ring of integers of K, let ox be
the different of K/Q, and let o be the non-trivial automorphism of K that fixes
E . Suppose x € K satisfies ox = —x . Then there is a fractional ideal o of A
such that xox = aB.

Proof. Let dk/g be the relative different of K/E and let v be the different
of E/Q, so that dx = dk/g0p . Let Ak g be the discriminant of K/E and let
A, be the discriminant of the A-lattice 4 ® Ax in K. We know from [5, §3,
Proposition 4(iii), p. 12] that A, = 4x2?, and part (i) of the same proposition
tells us that there is a fractional ideal b of 4 such that Ag/p = b2A, = 4x2b2.
Since K/E is quadratic we have Ag/gB = 5,% JE > SO multiplying the previous
equality by x?B gives (xdx/g)? = (2x2bB)*. Thus, xdx/g = 2x*bB and
xdx = 2x2b0gB . Taking a = 2x2bdg , we are done. O

(5.2) Definition. Let K be a CM-field and ® a CM-type of K. Let : be a
®-positive element of K and let ? be the different of K/Q. By Lemma 5.1
there is a fractional ideal a of K* that lifts to d in K, and we may write
a=bc™! as a quotient of integral ideals of K*. Define Ix ¢ to be the image
of [@*/blgs —[@/c)lp+ in FB(Pk). The element I ¢ does not depend on the
choice of 1 because the quotient of two ®-positive numbers is a totally positive
number, which becomes zero in Ch*(&+).

(5.3) Notation. Let g be a power of a prime number p and choose an em-
bedding &: W(F;) — C of the ring of Witt vectors over F, into C. If & is
an isogeny class of Deligne g-modules, we write & = [],., % as a product of
simple isogeny classes. We also write & = [] jed %f’ as a product of powers
of distinct simple isogeny classes, where J is a subset of the index set /. Let
R=Rz,let K=K, andlet & be the integral closure of Z in K. For each
i€l let Ri =Ry, let K; = Ky, and let &; be the ring of integers of K.
Then K =[];c;K; and & =[], &}, and the ring R is a subring of finite
index in [] ", R;. Each K; is a CM-field. Our choice of the embedding ¢
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gives us a p-adic valuation on Q c C, which, as in §4, gives us a CM-type ®;
of K;. For each i € I there is a unique j € J with % = %j; let n;: R — R;
be the composition of the projection R — R; and the identification R; = R;,
and let p; be the composition of 7; and the inclusion R; C &;.

(5.4) Definition. With notation as above, define I to be the element

> rilk,e) =Y epix, o)

iel jeJ
of Z(%).

It appears from the definition that Iz depends on our choice of the embed-
ding ¢, but we shall see in §11 that it does not.

(5.5) Lemma. Let & be an isogeny class of Deligne modules. Then Ry is a
free R%-module of rank two, generated by 1 and Fyg .

Proof. This follows from the facts that Rg = RL[Fg], that Fz is quadratic
over RZ, and that for every minimal prime p of Rg the image of Fg in
Re/p is quadratic over the image of R . O

In particular, if R = Rz then R is flat over R*, so there is a tensoring map
tr/r+ from G(R*) to G(R). This is the last fact that we need in order to state
the main theorem.

(5.6) Theorem. Let & be an isogeny class of Deligne modules, let R = Rg , and
let P be an element of G(R). Then P is attainable if and only if P = tg g+ (P’)
Jor some effective P' in G(R}) whose image in B (%) is equal to Ig. In
particular, there is a principally polarized Deligne module in € if and only if
Iz =0.

To prove Theorem 5.6 we will need to use several propositions. We will state
these propositions and some attendant definitions and comments in this section,
but we will postpone the proofs of the propositions until later sections.

A simple Deligne module A4 is maximal if its endomorphism ring is the
maximal order of K,. Let & be a simple isogeny class of Deligne modules
and let R = Rg. An R-module M is strongly attainable in € if there is a
maximal 4 in % and a polarization 4 of A such that keriq;z and M are
isomorphic as R-modules. Maximal Deligne modules are particularly easy to
study because their endomorphism rings are Dedekind domains, and kernels of
polarizations of maximal Deligne modules are modules over Dedekind domains,
as we shall see in §6. The first proposition we will need in the proof of Theorem
5.6 tells us exactly which R-modules are strongly attainablc.

(5.7) Proposition. Let € be a simple isogeny class of Deligne modules, let R =
Ry, let K = Kg, let ® be the CM-type of K obtained from the p-adic valuation
v asin g4, andlet @ =Gk . Let M be a finite R-module. Then M is strongly
attainable if and only if M =g @ [a@ for some ideal a of @+ such that % /a
maps to Ix ¢ in B(O).

The next proposition tells us how we can obtain information about attainable
P € G(R) from strongly attainable modules. It is at this point that we are forced
to move to Jordan-Holder isomorphism classes of modules.
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(5.8) Proposition. Let & be an isogeny class of Deligne modules and let notation
be as in Notation 5.3. Let P be an element of G(R). Then P is attainable if
and only if P is effective and P = Q+Q + Y ici[Milr for some Q € G(R) and
some strongly attainable R;-modules M; .

The last proposition we will need in the proof of Theorem 5.6 tells us that
certain norm maps and tensor maps commute.

(5.9) Proposition. Let € be an isogeny class of Deligne modules and let R =
Rg . Let p be a minimal prime of R and let @ be the integral closure of R/p
in its quotient ring. Then the diagram

lg)o+

G@) 2 G

l !

tR/R*'
G(R) —— G(R")
commutes, where the vertical maps are the norms induced from the maps R — @
and Rt — @+,
Proof of Theorem 5.6. Let notation be as in Notation 5.3.

First we prove the “only if” part of the theorem. Assume P € G(R) is
attainable. Then clearly P is effective. Also, by Proposition 5.8 we have P =
0+ Q+ Y ;c;/[Milr for some strongly attainable R;-modules M; and for some
Q € G(R). By Proposition 5.7, for each i there is an ideal a; of & with
M; = &;/a,0; as R;-modules and such that the image of &;*/a; in Z (&) is
Ik, o, . Let Q; betheimage of &*/a; in G(&F;*). Then by applying Proposition
5.9 we see that

P=0+0+) [(F/a)®F]k
i€l
= tr/r+ (NRr/r+(Q)) + z 1Rr/R+(Neg+ r+ (Q))-
. il
Let P' be the element Ng/g+(Q) + 3;c; No+/r+(Qi) of G(R*). Then P =
tr/r+(P') and the image of P’ in ZB(R) is equal to Y ., p;j(Ix, @) = Iz, as
claimed. Also, P’ must be effective since P is.

Next we prove the “if” part of the theorem. Suppose P = tg/r+(P’) for
some effective P’ € G(R*) whose image in % (R) is Iz . For each i let a;
be an ideal of & such that &;*/a; maps to Ik, ¢, in & (F;). Since P’ and
Y icil@; /ailr+ both map to Iz in & (R), there must be a Q € G(R) and a
totally positive x € K* such that

P' = Ngr+(Q) + Prr+(x) + Y _[O/ /ailr+.
, iel
In fact, we can choose Q and x so that x € R*. View x as an element of &%,
and for each j € J let x; be the jth component of x under the identification
gt = ]"[jeje?j*. For i e I\ J let x;, = 1. Since Q(R*) = Q(&@*), by
Lemma 2.1 we have Prg+ = Ng+ g+ o Prg-, which gives us
Prr:(x) =[O [xO* g = Y 167 %0 1k+
i€l
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so that
P’ = Ng/r+(Q) + Z[@Jr/xiai]m.
i€l
For each i let b; be the ideal x;a;. The x; are totally positive because x is,
so for each i the image of &;*/b; in & (&) is Ik, o, . By Proposition 5.9 we
have
P = tgr-(P') = Q+ 0 + ) _Gi/0:F]r.
iel

By Proposition 5.7 the R;-modules &;/b;&; are strongly attainable, so P is
attainable by Proposition 5.8.

The last sentence of the theorem is simply the special case when P = 0.

O

We end this section by proving Theorem 1.1.

Proof of Theorem 1.1. Immediate from Theorem 5.6 upon applying the results
of §4. a

6. PROOF OF PROPOSITION 5.7

Let & be a simple isogeny class of Deligne modules, let R = Rz, let K be
the field Kz, let ® be the CM-type of K obtained from v, and let @ = @ .
Let — denote the non-identity automorphism of K that fixes K+. If 4 =
(T, F) is an element of &, we can identify 7 with a lattice A in K thatisa
module over R =Z[F, V]. Such an A4 is maximal if and only if A is actually
a fractional @-ideal in K.

Suppose A4 is maximal, corresponding as above to a fractional ideal a. Let b
be the conjugate (under —) of the dual at of a with respect to the trace Trg/q
from K to Q. If 9k is the different of the field K we have af = a='o5!, so
b=a"'0og' because dx = ok . The lattice b is also a module over R, and there
is an R-semi-balanced perfect pairing axb — Z given by (x, y) — Trg,o(¥x) .
From Peﬁnition 4.4, we see that the Deligne module determined by b is the
dual 4 of 4. R

Now, an isogeny from 4 to A is given by a non-zero a € K such that
aa C b. Following §4, we define an R-semi-balanced form b:a x a — Z by
taking b(x, y) = Trg/o(@yx). Let S:K x K — K be the K-sesquilinear form
given by S(x, y) = ayx, so that bg = Trg/goS. For the isogeny given by a
to be a polarization, the form S must satisfy the conditions of Definition 4.8,
and we see from the definition of S that .S will satisfy these conditions if and
only if a is ®-positive. Thus, polarizations of 4 correspond to ®-positive
a € K such that aaca 'og'.

Suppose a € K gives a polarization 4 of A. Then kerig,z is isomor-
phic as an R-module to the #-module a~'a~'0;!/a, which is isomorphic to
@ [(aaavk). By Lemma 5.1 there is a fractional ideal b of &% such that
adx =b& . Let ¢ = Ng/z+(a)b. Then kerig,z = @ /¢ and the image of & /c
in #(@) is Ix ¢. Thus, all strongly attainable R-modules are of the form
claimed in the proposition.

On the other hand, suppose ¢ is an integral @ *-ideal such that the image of
O*[c in B (@) is Ik ¢. Then there must be a fractional ideal a of @ and a
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®-positive a € K such that ¢ = aaadg . If we let 4 be the maximal Deligne
module corresponding to a C K and if we let A be the polarlzatlon of A given
by a, then kerdg;z =r 7 /7 . O

7. PROOF OF PROPOSITION 5.8

The proof of Proposition 5.8 is based on two other propositions. The first
we state in some generality.

(7.1) Proposition. Let R be a ring with an involution — and let M be an
R-module such that #M < oo. Suppose b is a non-degenerate alternating semi-
balanced form from M to Q/Z, and let P be an element of G(R). Then there
is an isotropic sub-R-module N of M such that [Ann,(N)/N]g = P if and only
if [Mlg > P >0 and there isa Q € G(R) with [M]g=P+Q+0Q.

To prove Proposition 7.1, we will need two lemmas.

(7.2) Lemma. Let R be a ring with an involution — andlet p:LxM — N bea
non-degenerate semi-balanced pairing from non-zero simple R-modules L and
M toagroup N. Then L= M.

Proof. If m is the maximal ideal of R that kills M , then m kills L. O

(7.3) Lemma. Let k be a finite field with an involution —, let V' be a k-vector
space of dimension at least two, and let b:V x V — Q/Z be an alternating

semi-balanced form. Then there is a one-dimensional isotropic subspace W of
V.

Proof. We begin by noting that for any x € V', to show that the subspace k - x
is isotropic it suffices to check that b(x, ax) =0 forall a € k.

Suppose ~ is the identity map. Then we claim that every one-dimensional
subspace of V is isotropic. We prove this first in the case that char(k) # 2.
Let x be any non-zero element of V' and let a € k. Then

b(x, 2ax) =b(x, ax)+ b(x, ax)
= b(x, ax) — b(ax, Xx)
=b(x, ax)—b(x, ax) =

where the second and the third equalities follow from that assumptions that b
is alternating and semi-balanced, respectively. But every element of k is of the
form 2a, so the one-dimensional subspace generated by x is isotropic. The
case char(k) = 2 is even simpler, because finite fields are perfect: Given any
a €k, thereisa B € k with a = 2, so that for every x € V' we have

b(x, ax) =b(x, p*x) = b(Bx, px) =

because b is alternating. Again we see that the subspace generated by x is
isotropic.

Thus we can restrict our attention to the case where — is not the identity.
Let k* be the fixed field of —. Let W' be any one-dimensional subspace of
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V. If Ann,(W’') D> W’ then W' is isotropic and we are done, so we need only
consider the case where Ann,(W’')n W’ = {0}.

Pick any non-zero elements xo € W’ and x; € Ann,(W'), and for i =0, 1
let fi:k — Q/Z be defined by fi(a) = b(ax;, x;). For every a € k* there is
a B €k with o = BB, because the norm map from k to k* is surjective.
Therefore, for every a € k* we have

b(ax;, x;) = b(BBxi, xi) = b(Bxi, Bx;) =0,

so fo and f; are non-zero elements of the k*+-vector space Hom(k/k*, Q/Z).
But since k is finite, this is a one-dimensional k*-vector space, so there is a
y € k* such that fo+fiy =0. Picka d € k with y =3, and let x = xp+Jx; .
One can check that for all a € k we have b(ax, x) = (fy + fiy)(a) = 0, so
that W =k - x is a one-dimensional isotropic subspace of V . O

Proof of Proposition 7.1. Let (=) denote the “only if” part of the statement of
the proposition, and let (<) denote the “if” part.

To prove (=), we note that taking the annihilators via b of a composition
series for N gives a maximal sequence of R-modules lying between Ann(N)
and M, and vice versa. The pairing b induces a non-degenerate semi-balanced
pairing between each simple factor of N and the corresponding simple factor of
M/ Anny(N). By Lemma 7.2, the set of simple factors of M/Ann,(N) is the
set of conjugates (via — ) of the simple factors of N. Hence, if welet Q = [N]r
then [M]g = [Anny(N)/N]+[N]g +[Nlg = P+ @+ Q, and furthermore, it is
clear that [M]g > P >0.

We prove (<) by induction on the length of [M]g—P . If length([M]g—P) =
0, then (<) is obviously true for this M and P ; so assume length([M]g — P)
=m > 0 and (<) holds for all R-modules M’ and for all P’ € G(R) such
that the length of [M’]g — P’ is less than m.

Let S’ be any non-zero simple R-module with Q > [S"]r (such an S’ exists
because 2 -length(Q) = m > 0). We claim that there is an isotropic sub-R-
module S of M that is isomorphic to S’. We prove this as follows:

Let m C R be the maximal ideal of R that annihilates S’. Since S’ occurs
in the composition series for M, the m-torsion T of M is non-zero. The
module T is a vector space over the field kK = R/m, which is finite because
#M is finite.

If m # m then let S be any one-dimensional sub-k-vector space of 7. By
Lemma 7.2, the pairing b|s«s must be trivial, so that .S is an isotropic sub-R-
module of M that is isomorphic to S’ . We are left with the case when m =m ;
in this case, the involution — induces an involution on k.

If dimy(7T) > 1, then by Lemma 7.3 there is a one-dimensional isotropic
subspace W of T, and we can take S = W . We are left with the case where
dim(T)=1.

Let U be the m-power torsion of M and let ¢ = b|yxy. We see that T
is the unique minimal non-zero sub-R-module of U. Also, since m = m and
since [M]gr = P+ Q + Q, the simple R-module kX must occur at least twice
in the list of composition factors of M ; thus, we have lengthz(U) > 2, and in
particular T # U . Since T # U, we have Ann.(T) # 0, so that Ann.(T)D> T .
Therefore, S = T is an isotropic sub-R-module of M that is isomorphic to
S’ , and we have proven our claim.
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Let M’ = Anny(S)/S, and let b’ be the non-degenerate alternating semi-
balanced form on M’ induced by b. Let Q' = Q — [S]r; then [M']gr =
P+Q'+Q',wehave [M']g > P >0, and the length of [M']g—P is m—2, so
we can apply the induction hypothesis to M’ and P to find an isotropic sub-
R-module N’ of M’ such that [Ann, (N')/N'lg = P. Let N be the inverse
image of N’ under the reduction map from Ann,(S) to M’. Itis easy to check
that the R-module N is isotropic and satisfies [Ann,(N)/N]g = P. O

The second proposition we will use to prove Proposition 5.8 relates attainable
modules to strongly attainable modules by showing that all polarizations can be
obtained from diagonal polarizations of products of maximal Deligne modules.
This proposition makes use of the pairing e; on the kernel of a polarization 4,
defined in Remark 4.16.

(7.4) Proposition. Let & be an isogeny class of Deligne modules and let notation
be as in Notation 5.3. Let M be a finite R-module. Then M is attainable if
and only if there are maximal Deligne modules A; in %, and polarizations A; of
the A; such that the R-module [];c, ker(4; ® (Q/Z)) contains a sub-R-module
N that is isotropic with respect to the pairing e = [],c; e, and that satisfies
Ann.(N)/N= M.

Proof. First we prove the “if” direction. The proof will make no use of the
assumption that the A; are maximal.

Let A4 = [[;c;4i, let A = [[;;Ai, and write 4 = (T, F). Let b be
the R-semi-balanced form associated to A and let S be the K-sesquilinear
form associated to A. Let U be the inverse image of N under the reduction
map 15 (T) — 45"(T)/T = ker(A® (Q/Z)), and let B = (U, F). Using
Remark 4.16 and the fact that N is isotropic, we see that

bo(U, U)/Z=e;(N, N)=0/Z,

so if we let ¢ be the form bq restricted to U, then ¢ is an R-semi-balanced
form from U to Z. Let u be the isogeny from B to B associated to c.
The sesquilinear form on Ug = Tq associated to ¢ is nothing other than §,
and since we already know that S satisfies the conditions of Definition 4.8, the
isogeny 4 is a polarization.

The inclusion 7 C U gives us an inclusion Uc f, and since N is isotropic
we have the sequence of inclusions 7 C U C /16'((7 ) C Aa'(f’). When we
divide this sequence by T, we get 0 C N C Ann,(N) C ker(A® (Q/Z)), so we
have

M = Ann,(N)/N = 25" (0)/U = ug"(U)/U = ker(u ® (Q/Z)).

This shows that M is attainable.

To prove the “only if” direction, we choose a Deligne module B = (U, F)
in & and a polarization u of B so that M = ker(u ® (Q/Z)). Let ¢ be the
semi-balanced form associated to u, and let S be the K-sesquilinear form on
Uq associated to 4. The decomposition of K into the product [];c, K; gives
us a decomposition of Ug into a product [];., U;, where each U; is a vector
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space over K; of dimension e;, where the e; are as in Notation 5.3. By [17,
Theorem 7.6.3, p. 259], we can find a basis for each U; whose elements are
pairwise orthogonal with respect to the sesquilinear form S|y, . The union of
these bases is a set {x;};c; that generates Ug as a K-module, and the x; are
pairwise orthogonal under S. By reindexing the x; if necessary, we can assume
that for each i € I, if j is the unique element of J such that & = &, then
K-x; = Kj-x;,sothat K-x; is a one-dimensional vector space over K; = K; .
By replacing the x; by rational integer multiples, if necessary, we may assume
that @k - x; C U. Let T be the sublattice ), ;% - x; of U, and for each
iel let T; =Ok-x; and let F; be the restrictionof F to T;. Let A=(T, F)
and for each i let 4; = (T;, F;), so that 4 =[], 4;. For each i, the Deligne
module A4; is in the isogeny class %;, and since its endomorphism ring is the
ring of integers of K, it is maximal.

Since T C U, the image of TxT under c is containedin Z. Let b: TxT —
Z be the restriction of ¢ to TxT , and let A be the polarization associated to b .
For each i € I let b; be the restriction of b to T;, let S;:(T;®Q) x(T; ®Q) —

—

K; be the associated sesquilinear form, and let A;: 4; — A; be the associated
isogeny. The form S on Tg is the orthogonal sum of the S, so it is clear that
the S; satisfy the conditions of Definition 4.8. Thus, the A; are polarizations.

Finally, let N be the R-module U/T. When we divide the series of in-
clusions T Cc U C /161((7) C la'(f‘) by T, weget 0 C N C Ann,(N) C
ker(A ® (Q/Z)). Thus N is an isotropic submodule of ker( ® (Q/Z)) =
ITic/ker(4 ® (Q/Z)) and Anne(N)/N = ug'(U)/U = ker(u ® (Q/Z)) = M,
so we are done. O

Proof of Proposition 5.8. First we prove the “only if” part of the proposition.
Suppose P € G(R) is attainable, say P = [L]g for some attainable R-module
L. Clearly P is effective. Also, by Proposition 7.4 there are strongly attain-
able R;-modules M; such that the R-module M = [],., M; contains a sub-R-
module N that is isotropic with respect to a non-degenerate alternating semi-
linear form e on M and such that Ann,(N)/N = L. Then by Proposition 7.1
there must be a Q € G(R) such that M = P+ Q + Q. If we replace Q with
—Q we find that P=Q+ Q+ ¥ ;,/[Milr, as was to be shown.

Next we prove the “if” part of the proposition. Suppose P € G(R) is effective
and there are strongly attainable R;-modules M; and a Q € G(R) with P =
Q+§+Z,~,E ([Mi]r . Foreach i thereisan &;*-ideal a; suchthat M; = &;/a,0; .

Choose an x € & such that Q < Prg(x) and choose elements x; of the
O such that [@/xO)e = 3 ,,[0:/xi0]e . Replace Q with Q — Prg(x) and
replace each M; with &;/x;X;a,7; . Then we still have P = Q+Q0+ Y ;,[Milr,
and by Proposition 5.7 each M, is still strongly attainable because x;X; is
a totally positive element of &*. However, we also have Q < 0, so that
P< EieI[Mi]R .

For each i/ pick a maximal 4; € % and a polarization 4; of 4; such
that M; = ker(; ® (Q/Z)). Let M be the R-module [],., M; and let e be
the non-degenerate R-semi-balanced pairing [[;.;e; from M to Q/Z. By
Proposition 7.1 there is a sub-R-module N of M that is isotropic with respect
to e and such that [Ann,(N)/N]g = P. By Proposition 7.4, Ann.(N)/N is
attainable, so P is attainable. o
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8. PROOF OF PROPOSITION 5.9
To prove Proposition 5.9 we will need two lemmas.

(8.1) Lemma. Suppose
D ——C

T

B —— 4
is a commutative diagram of orders, where C is a Dedekind domain and where
D and B are flat as modules over C and A, respectively. If the homomorphism
B ®,4 C — D obtained from this diagram is injective and if B ® 4 C has finite
index in D, then the diagram

G(D) 2 G(C)

lNo/B lNC/A

17: 7
G(B) —— G(A)
commutes.

Proof. To check that the diagram commutes, we need only check that it com-
mutes on the generators of G(C), so suppose M is a simple C-module, say
M = C/q for some prime q of C. Let p be the contraction of q to 4. We
must show that [M ®c D]p = [M ® 4 B]g , and to do this we may as well replace
C and D with their localizations at the multiplicative set C \ q. This makes
C aregular local ring, and we still have B® 4 C — D with finite index, because
localization is exact.

Since C is a principal ideal domain, M = C/nC for a prime element n
of C,sothat M®cD =D/aD and M®,4B = (C®,4B)/n(C ®4 B). Now
consider the diagram of B-modules:

D o) nD
u U
Ce®4B D n(C®4B).

Since D/n(C ®4 B) is a finite B-module and since the two vertical quotient
modules are isomorphic as B-modules, the two horizontal quotients must be
Jordan-Holder isomorphic as B-modules, which is precisely what we needed to
show. O

(8.2) Lemma. Let & be an isogeny class of Deligne modules and let R = Ry .
Let p be a minimal prime of R and let @ be the integral closure of R/p in
its quotient field. Then the homomorphism R ®g+ @+t — @ obtained from the
diagram

g D> O*

7 T
R D R*

is injective, and the index of R ®g+ @+ in @ is finite.

Proof. The point here is that R is a free R*-module of rank two generated
by 1 and F, by Lemma 5.5. Thus, R ®z+ @* is a free rank two &+-module,
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generated by 1®1 and F®1. Now, the image of F®1 in & is not contained
in @+, because R is totally imaginary and &% is totally real, and in fact 1
and the image of F ® 1 are linearly independent over K* = @+ ® Q. Thus,
R®g+ @+ injects into & . Also, its image is the subring of & generated by &+
and the image of R, which is an order of & and which therefore has finite
index in & . O

Proof of Proposition 5.9. First we note that & is a flat @*-module and that R
is a flat R*-module, by Lemma 5.5. Then we simply apply Lemmas 8.2 and
8.1. O

9. THE RING ASSOCIATED TO AN ISOGENY CLASS

If we want to apply Theorem 5.6 to an actual isogeny class & of Deligne
modules whose corresponding Weil polynomial # is given to us, we must some-
how find a way to compute the group Z(%) and the element Iy from the
polynomial % . In §§10 and 11 we will show how we can calculate Z (%) and
I if we know enough about the rings Rz and R . In particular, we will need
to know about the singular primes of the ring Rg and about how the CM-fields
that occur in the product of fields K¢ ramify over their maximal real subfields.
Thus it will be important for us to be able to calculate the discriminants of
the Z-algebras Rz and RZ . In this section we will give formulas for these
discriminants in terms of the coefficients of the polynomial 4. The proofs of
the results in this section are mainly computational; we will either omit them
or give brief outlines.

Let € and h be as above. Let u be the radical of h, that is, the product of
all of the monic Q-irreducible factors of /, each taken once. The polynomial
u is an ordinary Weil g-polynomial. Let 2n be the degree of u, and write
U=X"4+by X" ' 4.4 b X+by. Let R=Rg,let F=Fg,let V="Vg,
and let K be the product of CM-fields K¢ .

(9.1) Proposition. Let notation be as above and let a be the ideal of A = Z[X , Y]
generated by r and s, where r = XY — q and where

S=(X"+ Y4+ by (X" Y Y b (X +Y) + by

The ring homomorphism ¢ from A to R that takes X to F and Y to V
induces an isomorphism between A/a and R.

The proof is left to the reader.
(9.2) Proposition. We have R* = Z[F + V].

Again, the proof is left to the reader.
(9.3) Remark. For every integer i > 0 let 7; denote the ith Chebyshev poly-
nomial, defined by T;(X) = cos(i cos”! X). Let t; denote the polynomial
29'2Ty(X/ 2,/q) . It is not hard to show that #; has integer coefficients and that
Fi+Vi=1t(F+V). Let s be the polynomial given in Proposition 9.1. It
follows easily from the fact that s(F, V) = 0 that the minimal polynomial of
F +V is equal to

t=ty+ b1ty + -+ bpp1ti + by

Thus, the order R* is isomorphic to the ring Z[X]/(¢), and in particular the
discriminant of R* is equal to the discriminant of the polynomial ¢.
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(9.4) Proposition. We have Ag = (—1)"A%. « Ng;o(F — V).

Proof. We will only sketch a proof. The idea is that the ring R can be built
up in two steps from the ring Z: First one adjoins to Z a root of the monic
polynomial ¢ from Remark 9.3 to obtain R*, and then one adjoins to R*
a root of the monic polynomial X2 — (F + V)X + g to obtain R. One can
show that the trace dual of R* with respect to Z is (¢'(F + V))"!R*, where
t'" denotes the derivative of ¢. Similarly, the trace dual of R with respect to
R* can be shown to be (F — V)~!R. Thus the trace dual of R with respect
to Z is ((F — V)¢'(F + V))"'R. The absolute value of the discriminant of a
Z-algebra S is the index of S in its trace dual, so |Ag| = |Ag+|?+|Nx/Q(F = V)| .
If we keep track of the signs of the expressions in the last equality, we get the
statement of the proposition. O

We are left with the task of calculating Ng,o(F — V). The following propo-
sition shows us how we may do this.

(9.5) Proposition. In the above notation,

2 2
(2)  NipF-=V)=q7" (Z b2iqi) —(I( Z b2i+lqi) ;

0<i<n 0<i<n—1

here by, = 1. Furthermore, if n is even, say n =2m, then

(3)
2 2
Ngj(F - V) = (bn+2 > b2n—2iqm_i) -q (2 3 bzn_(2i+l)qm—(i+l)) .

0<i<m 0<i<m
Proof. Let f be the minimal polynomial of F2, so that Ngq(a — F?) = f(a)

for all a € Q. Since dimg K is even we have Nk,o(F? —q) = Nko(q — F?),
so we find that

Nkj(F = V) = Ngjo(F? - q)/Nxo(F) = f(q)/4".

If we write f in terms of the coefficients of the minimal polynomial u of F,
we find that this last equality is equality (2). When 7 is even, the equality (3)
follows from Proposition 3.4 and the equality (2). The verification of this last
statement is left to the reader. O

We will use Propositions 9.4 and 9.5 in the examples of §§10 and 13.

10. CALCULATION OF THE OBSTRUCTION GROUP

Suppose % is an isogeny class of Deligne modules corresponding to an ordi-
nary Weil polynomial /4. In the previous section we gave a concrete description
of the rings Rg and R} in terms of the polynomial %, and we showed how
one can calculate the discriminant of Rg . Using this information, we can find
the singular primes of Rg . In this section we will show how knowledge of these
singular primes and of the ramification behavior of the CM-fields occurring in
K& enables us to calculate the group Z(%).

First we note in passing that if R is a CM-order that is locally free of rank 2
over R* then % (R) is a vector space over F,, because if S is a simple R*-
module then [S ® R]g+ = 2[S]g+. For instance, Z(R) is an F,-vector space
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when R is the integral closure of Z in a product of CM-fields, and also when
R = Ry for an isogeny class & of Deligne modules, by Lemma 5.5.

Our first proposition tells us how to calculate Z(R) in the simplest possible
case, when R is the ring of integers of a CM-field.

(10.1) Proposition. Let @ be the ring of integers of a CM-field K. Then
B(O) = { 0 if K/K* is ramified at a finite prime;

Gal(K/K*) if not.

In the second case, the isomorphism is provided by the Artin map.

Proof. Here we use the facts that Ch(#) = CI(K) and Ch*(#*) = CI*(K*),
and the fact that the norm between the Chow groups corresponds to the ideal
norm under this identification, to write & (&) = CI*(K*)/N(CI(K)).

Let L be the ray class field, modulo the infinite primes, of K*; thus L is
the maximal abelian extension of K* ramified at most at the infinite primes.
Let M be the Hilbert class field of K, so that M is the maximal abelian
extension of K that is unramified everywhere. Since L/K* is unramified at
finite primes and since K/K* is ramified at all of the infinite primes, K-L is an
unramified extension of K . It is also clearly abelian, so it is contained in M .
The Artin map provides isomorphisms CI*(K+) = Gal(L/K*) and CI(K) =
Gal(M/K), and the restriction map Gal(M/K) — Gal(L/K*) corresponds via
these isomorphisms to the norm map on class groups.

If K/K* is ramified at a finite prime the extensions K/K* and L/K* are
linearly disjoint, so that Gal(K - L/K) = Gal(L/K™). In this case, the restric-
tion map Gal(M/K) — Gal(K - L/K) is surjective, so the map Gal(M/K) —
Gal(L/K*) is surjective also. Thus, the norm map from CI(K) to CI*(K*) is
surjective, and Z (@) 0.

On the other hand, if K/K* is unramified at all finite primes then K is
contained in L. In this case, the image of Gal(M/K) under the restriction
map to Gal(L/K*) isequal to Gal(L/K), so that the cokernel of the restriction
map is Gal(K/K+) = Z/2Z. O

(10.2) Lemma. Let K be a CM-field and let g denote the degree of K* over Q.
If g is odd, then K/K* is ramified at a finite prime.

Proof. We will prove the contrapositive statement. Suppose that K/K* is un-
ramified at all finite primes. Let J be the idele group of K+ and let y be the
idélic Artin map from J to Gal(K/K*). Then

(- =wD- [] w(-1),

ploo p<oo

where the y, are the local Artin maps. Now for finite primes p we have
¥p(—1) = 1, because the finite primes are unramified in K/K* and because
local Artin maps of unramified primes kill local units. For the infinite primes
the local Artin maps are the sign function, and since the totally real field K+
has g infinite primes, we see that y(—1) = (—1)¢. But the global Artin map
v kills elements of (K*)*, so g must be even. O

(10.3) Corollary. Let K be a CM-field and let g denote the degree of K+
over Q. If g is odd, then & (Ox)=0.

Proof. Immediate from Proposition 10.1 and Lemma 10.2. O
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(10.4) Proposition. Let S be a CM-order, and suppose R is a subring of finite
index in S. Then

G(S*)/Ns;s+(G(S)) —— HB(S)

> &
G(R*)/Ng/r+(G(R)) —— Z(R)

is a push-out diagram, where i: R — S is the inclusion map, where N is induced
from the norm from G(S*) to G(R"), and where the horizontal maps are the
natural reduction maps.

Proof. We start with the exact sequence

G(8) 27D, GR) & G(S) 2% G(R) —— 0.
Let K = Q(S). Then K is also Q(R), because R is of finite index in S.
From Lemma 2.1 we have Prg = Ng/groPrs, and by dividing the last two terms
of the preceding sequence by the image of K* under Prg and Prz we see that
the sequence

(4) G(8) %, G(R) @ Ch(s) *22Y, ch(R) —— 0
is exact, where ¥:G(R) — Ch(R) and y:G(S) — Ch(S) are the natural reduc-
tion maps. In a similar manner we get an exact sequence

(5) G(S*) —— G(R*)® Ch*(S*) —— Ch*(R*) —— 0,

and taking the cokernel of the norm map from (4) to (5) gives us the exact
sequence

(6) ) | )

G(S*)/N(G(S)) 2, (G(R*)/N(G(R))) & B(S) +2 B(R) — 0.

This sequence being exact is exactly what it means for the diagram of the propo-
sition to be a push-out diagram. O

The two groups on the left-hand side of the diagram of Proposition 10.4 are
infinite. It is possible to replace them with finite groups; we will show how to
do this in a special case that will be enough for our purposes.

Suppose S is a CM-order, R is a subring of finite index in S, and R and
S are locally free of rank 2 over R* and S*. Let C = G(R*)/Ng/r+(G(R))
and let D = G(S*)/Ng/s+(G(S)) ; our assumptions on R and S imply that the
groups C and D are vector spaces over F,.

Let p be a maximal ideal of R*. Then [R*/p]g+ is not in the image of
the norm from G(R) if and only if p is inert in R/R*. Let X be the set of
maximal p of R* that are inert in R/R*, and let Y be the set of maximal
q of S* that are inert in S/S*. For each p in X let x, be the image of
[R*/plr+ in C, and for each q in Y let y, be the image of [S*/q]s+ in D.
Then the x, form a basis for C as an F,-vector space, as do the y, for D.
Suppose q € Y, and let p =q N R*. If p is not in X, or if the residue
field k(q) of gq is of even degree over the residue field k(p), then the norm
from D to C of y, is zero, while if [k(q):k(p)] is odd and p is in X, then

N(yq)=x, #0.
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Let X;s be the set of p in X that are non-singular, that is, those p in X
whose local rings are regular local rings. Let Y, be the set of q in Y that lie
over some p in Xps. Let Cy,s be the subspace of C spanned by {x, | p € Xns},
let Cs be the subspace of C spanned by {x, | p € X \ Xps}, let Dy be the
subspace of D spanned by {y, | q € Yy}, and let D be the subspace of D
spanned by {y, | q€ Y\ Yys}. We see that C; and D; are finite-dimensional,
that C = C; @ Cps, that D = Dy ® Dy, and that the norm N:D — C takes D;
to C; and Dy to Cps.

(10.5) Proposition. Let notation be as above. The diagram
Dy —— #(S)

I |
C, —— B(R)

is a push-out diagram, where the horizontal maps are the restrictions to Dy and
Cs of the natural reduction maps.

Proof. Suppose we can show that the norm N gives an isomorphism between
D,s and C,s. Then a simple diagram chase applied to the natural map from
the sequence (6) to the sequence

Dy —— C;®B(S) —— B(R) —— 0

shows that the latter sequence is exact, which is what we want.

In order to show that N gives an isomorphism between D, and C,s, we
must show that for every p in X, there is exactly one q in Y, lying over
it, and that the degree of k(q) over k(p) is odd. To accomplish this, we will
show first that there is exactly one prime q of S* lying over p, second that
k(q) = k(p), and third that q is inert in S/S*.

Let p be an element of X, and let R} be the localization of R* at p.
Then R} is of finite index in S* ®g+ R}, and since R is a discrete valuation
ring we must have S* ®g+ R} = R} . Thus, S* has exactly one prime q lying
over p, and since S; = R}, the residue fields of q and p are equal.

Let q' be any prime of S lying over q. Then ¢’ N R = p’ is the prime of
R lying over p, and the residue fields of these various primes satisfy k(q') D
k(p') D k(p) = k(q). Since p is inert in R/R*, the second containment is
strict, and q must be inert in S/S*. O

(10.6) Remark. It will be useful in our examples to have a description of the
vector space D other than its definition. We will give such an alternate de-
scription by giving a characterization of the primes in the set Y \ Y,s. Suppose
q is a prime of S* thatisin Y, and let p be the prime qNR* of R*. To say
that q is not in Y,; means exactly that p is not in X,s, and this means that
either p isnotin X or p isin X but is singular. In the first case, p is not
inert in R/R*, and the fact that q is inert in S/S* implies that p lies under
a singular prime of R. In the second case, every prime of R lying over p is
singular. Conversely, if p lies under a singular prime of R then either p is
not inert in R/R* or p isin X \ Xys. Thus, the set Y \ Y;s consists of those
primes of S* that are inert in S/S* and whose restrictions to R* lie under
singular primes of R.
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We can use Propositions 10.5 and 10.1, along with the trivial observation that
Z([IRi) = BF(R)), to compute FZ (%) for isogeny classes & of Deligne
modules. Suppose % 1is an isogeny class of Deligne modules, write & =
[jes %f" as a product of powers of distinct simple isogeny classes, and let
notation be as in Notation 5.3, so that K is isomorphic to the product of the
fields K, the ring & is isomorphic to the product of the &;, and R is iso-
morphic to a subring of the product of the R;. There are two ways to proceed.
One way is to calculate Z (@) as the direct sum of the (&), which we can
compute from Proposition 10.1, and then to use Proposition 10.5 applied to
the inclusion R C & to calculate % (R). Our other option is to calculate the
% (Rj) from Proposition 10.5 applied to the inclusions R; C &;, and then to
use the same proposition on the inclusion R C [];c; R; to find Z(R).

We end this section by demonstrating the use of Proposition 10.5 in two
examples. In both examples we maintain the notation used in Proposition 10.5
and in the discussion preceding it.

(10.7) Example: Ordinary elliptic curves. Let & be an isogeny class of ordinary
elliptic curves over a finite field, let R = Rg, let K = K¢, and let & = G .
We will apply Proposition 10.5 with S =@ . The CM-field K is an imaginary
quadratic extension of Q, and from Corollary 10.3 we see that Z (@) = 0.
The ring R is an order in K, and R* = Z. Every prime of Z is regular, so
X \ Xys is empty and C; = 0. From Proposition 10.5, we see that Z(R) =0.

(10.8) Example. Let p = 197 and let f be the polynomial X* + X3 + X2 +
pX +p?. One can check that f is an ordinary Weil p-polynomial; for instance,
see [16]. Let K = Q[X]/(f) and let © be the image of X in K, so that
K = Kz for the isogeny class & of Deligne modules associated to f, and
Ry =Z[n, 7). Let @ = @k . We will apply Proposition 10.5 with S=¢&.

The minimal polynomial g of n+7 is X2+ X+(1—-2p) and the discriminant
of g is 1573 =112.13, so K* = Q(v13). The narrow class number of K*
is one, so K/K* must be ramified at some finite prime. Proposition 10.1 tells
us that Z (@) = 0.

The discriminant Ag+ of R*, which is the discriminant of the polynomial
g, differs from the discriminant Ag. of @+t by the factor 112, so the singular
primes of R* lie over 11. In fact R* has exactly one prime p over 11,
the prime p is singular, and the residue field of p is F;;. Since f factors
modulo 11 as the square of the irreducible polynomial X2+6X —1 (mod 11),
the prime p is inert in R/R*. Thus, X \ Xps = {p} and ;= F,.

One can check, using Proposition 9.5 for instance, that the norm from K to
Qof n—7 is 29-53.101, so by Proposition 9.4 the discriminant Ag of R
is 114.132.29.53.101. The quotient of Ag by the discriminant Ay of &
is a square, and since As is divisible by AZ, = 13? the quotient Ag/As must
be a divisor of 114. Thus, all of the singular primes of R lie over 11, so by
Remark 10.6 the set Y \ Y5 consists of those primes of &% that are inert in
@/&+ and that lie over 11. Now, &% has one prime q over 11, with residue
field Fy,;, and because f factors modulo 11 as the square of an irreducible
quadratic polynomial, q is not inert in &/&*. Thus, Y \ Y, is empty and
Dy = 0. Proposition 10.5 tells us that Z(R) = F,. This example shows that it
is possible for Z (%) to be non-zero when % (@) is zero.
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11. CALCULATION OF THE OBSTRUCTION ELEMENT

Our task in this section is to show how one may calculate the element Iz of
B (%) for an isogeny class & of Deligne modules. Given an isogeny class %,
we can write & =[] et ?f’ as a product of powers of distinct simple isogeny
classes. Using the results of the previous section, we can calculate the group
B(F), the groups F(%;), and the homomorphisms 7n}:% () — & (%) ob-
tained from the homomorphisms 7#;: Rz — Rg defined in Notation 5.3. It
follows from Definition 5.4 and the functoriality of & that Iz =} e;n}(lg),
so it will be enough for us in this section to show how one may calculate /z for
simple isogeny classes & . To start with, we will show how to calculate the ele-
ment Ix ¢ of #(Ok) for a CM-field K with CM-type @ (see Definition 5.2).

Suppose K is a CM-field and ® is a CM-type of K. We define the ®-
norm to be the map Ng:K — C given by No(x) = [[,ce ¢(x). Notice that

No(x)Ng(x) = Ng/o(x) for all x € K. If p is the non-trivial automorphism
of K that fixes K*, we let. K* be the subgroup {x € K* : p(x) = +x}
of K*; the group K* consists of the elements of K* that are either totally
real or totally imaginary. Suppose K/K* is unramified at all finite primes;
then by Lemma 10.2 the degree g of K+ over Q is even, and we define
a map xx.o:K* — Gal(K/K*) as follows: If x € K* then the fractional
ideal (x) of @k is fixed by p and so may be viewed as a fractional ideal of
Ok+ . Identify Gal(K/K™*) with the group {1} and define xx o(x) to be
sign(Ng(x)) - ((x), K/K*); here ( - , K/K*) is the Artin map. The sign of
Ng(x) is meaningful because Ng(x) is real for x € K* when g is even. If
x € K* is totally real, then sign(Ng(x)) = [T co sign(p(x)), so that xx o(x) is
the idelic Artin map evaluated on the principal idele x. Since the idélic Artin
map kills principal idéles, we see that yx o(x) =1 for all totally real x € K .
Thus xk ¢ induces a homomorphism Xg ¢ from the group K*/(K*)* = {£1}
to the group Gal(K/K*) = {+1}; the homomorphism Xk ¢ iseither 1 or —1
under the identification Hom({+1}, {£1}) = {£1}.

(11.1) Proposition. Let K be a CM-field with ring of integers @ and let ® be
a CM-type of K. If K/K* is ramified at any finite prime, then Ix ¢ = 0. If
K/K* is unramified at all finite primes, then [K* : Q) is even, and Ix ¢ =0 if
andonly if Xk o = 1.

Proof. If K/K* is ramified at a finite prime, then by Proposition 10.1 the
group Z (@) is trivial and Ix ¢ must be 0. So let us assume for the rest
of the proof that K/K* is unramified at all finite primes. By Lemma 10.2,
the degree g = [K* : Q] is even. Let d be the different of K/Q and let
o’ be the different of K*/Q. Since K/K* is unramified at finite primes,
9 =0¢&. Let 1 be a d-positive element of K, and let a be the fractional
ideal of @* such that (i) = a@. By Definition 5.2, the element Ix ¢ of
Z (@) is equal to the image of ad’ in H (&), and the image of Ix ¢ under
the isomorphism % (@) = Gal(K/K™*) of Proposition 10.1 is equal to the Artin
symbol (ad’, K/K*) = (a, K/K*)(d', K/K*). But by [2, Theorem 3, p. 241]
we have (o', K/K*) = (—1)8/2, and since 1 is ®-positive this is equal to the
sign of Ng(1). Thus (ad’', K/K*) = ykx.o(1), so that Ix ¢ = 0 if and only if
Xk ,o(1) = 1, which in turn holds if and only if Xx ¢ =1. (]



2390 EVERETT W. HOWE

Now let & be an isogeny class of simple Deligne modules. As usual, let
R =Ry =Z[F,V], let K = Kg, let @ = Ok, and let i be the natural
inclusion R — @ . Let v be the p-adic valuation on Q c C obtained from the
embedding &: W — C we chose in §5, and let @ be the CM-type

® = {p:K — C | v(p(F)) > 0}

obtained from v . By Definition 5.4, the element Iy of (%) is equal to
i*(Ix @) . This definition makes it appear as though I depends on the p-adic
valuation v that gives us ®. The next proposition shows that this is not the
case.

(11.2) Proposition. Let notation be as above and let v' be any p-adic valuation
on Q C C, not necessarily equal to v. Let ¥ be the CM-type

@' = {p:K — C| v'(p(F)) > 0}
OfK Then IK,(pl =IK,¢,.

Proof. If K/K* is ramified at a finite prime, then Ix ¢ and Ig ¢ are both
equal to 0, so we are left with the case when K/K™* is unramified at all finite
primes. Let x € K* be totally imaginary. For ¥ = &, ® we have that
Ix v =0 if and only if Xx g =1, which in turn holds if and only if

1=y, w(x) = sign(Ng(x)) - ((x), K/K™).

Thus, to show that Ix ¢ = Ix ¢ we have only to show that Ne(x) and Ng(x)
have the same sign. In fact, we will show that Ng(x) = Ng(x), and that these
numbers are in Q.

We have already noted that Ne(x)Ne(x) = Nk/q(x), and since g is even
we have Ng(x) € R, so that Ng/q(x) = (Ng(x))?. Also, the ideal (Nko(x))
is equal to the norm from K to Q of the ideal (x) of K, and since (x) is
the lift to K of an ideal a of K*, we have that (Nk/q(x)) = (Nk+/q(a))? isa
square of an ideal of Q. Hence, Ng(x) € Q.

Now, Gal(Q/Q) acts transitively on the p-adic valuations of Q, so there
isa 0 € Gal(Q/Q) such that v = vo. From this we see that & = g~'®,
from which we deduce that Ng/(x) = 6~ !(No(x)). Since No(x) € Q, we have
N¢/(X) = Nq)(x) . a

We have already noted that for our simple isogeny class % of Deligne mod-
ules we have Iy = i*(Ix ¢), where i: R — @ is the inclusion map and notation
is as above. Our next proposition tells us when i* is the zero map.

(11.3) Proposition. Let & be a simple isogeny class of g-dimensional Deligne
modules and let notation be as above. If K/K™* is ramified at a finite prime, or
if there is a prime q of K* that divides (F — V) and that is inert in K/K™,
then i* is the zero map and Iz = Q. Otherwise, g is even, i* is not the zero
map, and I =0 if and only if No(F — V) > 0.

Proof. If K/K* is ramified at a finite prime, then from Proposition 10.1 we
know that #(#) = 0, so that i* must be the zero map. So assume that
K/K* is unramified at every finite prime. In this case Z (@) = Z/2Z, and by
Lemma 10.2 the dimension g is even. We will show that the map i* is the
zero map if and only if there isa q of K+ that divides F —V and that is inert
in K/K*.
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Let z be the non-zero element of % (&), and adopt the notation preceding
Proposition 10.5, with S =& . Suppose i*(z) = 0. Then by Proposition 10.5
there must be a y € Dy that maps to z in % (€) and that maps to 0 in C;.
Since the basis elements y, of D all map to z in % (&), and since each y,
maps either to 0 or to one of the basis elements x, in C;, we see that at least
one of the basis elements y, of D; maps to 0 in C;. Choose one such yq
and let g’ be the prime of & lying over the prime q of &*. Since q is inert
in K/K*, complex conjugation on K induces a non-trivial automorphism of
the residue field k(q') that fixes k(q). We want to show that this q divides
F — V' ; to do this, it will be enough to show that the image of F in k(q') is
contained in k(q), for then the image of ¥V = F in k(q’) will equal that of
F, which means that g|(F - V).

Let p=qNR* andlet p’ = ¢ NR. As we noted just before Proposition 10.5,
for y, tomap to 0 in G, either the degree of k(q) over k(p) is even or else
k(p') = k(p) . In either case, we see that the degree of k(q') over k(p’) is even,
which means that k(p’) is contained in k(q). Since the image of F in k(q’)
lies inside k(p’) = R/p’, the image of F is contained in k(q), so q|(F — V).

On the other hand, suppose there isa q of K* that divides F — V' and that
is inert in K/K*. Let q' be the prime of & lying over q, let p =gqNR*, and
let p' =q'NR. We see that k(p’) C k(q), which tells us that the element y,
of D mapsto O in C. Since y, maps to z in & (&), we have i*(z) =0 by
Proposition 10.4, and i* is the zero map.

Thus the map i* is non-zero if and only if K/K* is unramified at all finite
primes and all the prime ideals of K* that divide F — V" split in K. Suppose
i* is non-zero; then i* is injective, so Iz = 0 if and only if Ix ¢ = 0. To
check the latter condition we evaluate yx ¢ on the totally imaginary element
F —V of K and apply Proposition 11.1. Since all the primes of K* that
divide F —V splitin K/K*, the Artin symbol ((F — V), K/K*) is trivial, so
that xx o(F — V) = sign(Neo(F — V')). This shows that Iz = 0 if and only if
No(F -V)>0. O

(11.4) Corollary. Let & be an isogeny class of g-dimensional simple ordinary
abelian varieties, and let F, V, K, and ® be as above. If K/K* is ramified
at some finite prime, or if there is a prime ideal of K* that divides (F — V)
and that is inert in K/K*, then there is a principally polarized variety in % .
Otherwise, g is even, and there is a principally polarized variety in € if and
only if the ®-norm of F —V s positive.

Proof. By the results of §4, it is enough to prove the corresponding statement
for the isogeny class of Deligne modules corresponding to % . Now the result
follows immediately from Proposition 11.3 and Theorem 5.6. O

Now we can prove Theorem 1.2 from the Introduction.
Proof of Theorem 1.2. Immediate from Corollary 11.4. O

We are left with the problem of calculating the sign of Ng(F — V), at least in
certain special cases. The following proposition reduces the task of determining
this sign to the task of calculating N,o(F — V'), which was accomplished in
Proposition 9.5.

(11.5) Proposition. Let q be a power of a prime p, let € be an isogeny class
of simple Deligne modules in £, corresponding to a Weil polynomial h of
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degree 2g, let ag be the middle coefficient of h, andlet K, F, V, v, and ®
be as above. Suppose K/K™* is unramified at cll finite primes. Then Ng(F —V')
satisfies the following conditions, and is determined by them:

(a) No(F —V) is an integer whose square is Nk,o(F — V).

(b) The integer No(F — V') is congruent to agz modulo q .

() If g =2, then No(F — V) is congruent to ag modulo 4.

Proof. We already noted in the proof of Proposition 11.2 that when K/K* is
unramified at finite primes the ®-norm Ng(x) of a totally imaginary x in K
is a rational number whose square is Nk/q(x). Applying thisto x = F -V
shows that Ng(F — V') satisfies condition (a).

We will only sketch a proof of the fact that Ng(F — V') satisfies (b) and (c).
Let Fy, F5, ... , F, betheroots of 4 in C that have positive valuation under
the p-adic valuation v, and foreach i =1,2,..., g let V; = q/F;, so that
the V; are the remaining roots of 4 in C and the V; have valuation 0. Then
the definition of @ shows that No(F — V) = [],<;,(Fi — Vi) . By comparing
this expression to the formula for a, in terms of the F; and V;, one can show
that Ngo(F — V) satisfies condition (b). A more careful analysis of the formulas
for No(F — V) and for a, shows that when g = 2 condition (c) is satisfied
also. The details of these analyses are left to the reader.

Finally we note that condition (a) determines Ngo(F — V') up to sign, and
since a, is coprime to g because % is ordinary, condition (b) (or condition (c),
if g = 2) tells us the sign of Ng(F — V). Thus Ng(F — V) is determined by
conditions (a), (b), and (c). O

We will illustrate the use of Corollary 11.4 and Proposition 11.5 in §13.

12. ISOGENY CLASSES OF TWO-DIMENSIONAL ORDINARY ABELIAN VARIETIES

In this section we will use the results of the previous sections to determine
the Weil polynomials of the isogeny classes of two-dimensional ordinary abelian
varieties over a finite field that do not contain a principally polarized variety.
Our results and methods should be compared with those of [1, §5.4].

Let k be a field with g elements. From Proposition 3.4 we know that the
Weil polynomial of a two-dimensional ordinary abelian variety over k is of
the form X* + aX3 — bX2 + agX + ¢q*, where b is coprime to g. We will
prove Theorem 1.3 of the Introduction, which gives necessary and sufficient
conditions for such a polynomial to correspond to an isogeny class of abelian
varieties not containing a principally polarized variety. We restate Theorem 1.3
here for convenience.

(1.3) Theorem. Let q be a power of a prime p, let k be a field with q elements,
let a and b be integers, and let

h=X*+aX?®-bX?+aqX +q*.
Then h = hg for an 1sogeny class € of twe dimensional ordinary abelian vari-
eties over k that does not contain a principally polarized variety if and only if
g =a’+b and b is a positive integer, coprime to q, all of whose prime divisors
are 1 modulo 3.

Proof. Suppose % is an isogeny class of two-dimensional ordinary abelian vari-
eties not containing a principally polarized variety. Then % must be simple, for
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otherwise it would contain a product of two elliptic curves, and elliptic curves
are principally polarized. Let F = Fz,let V =Vgz,let R=Rg,let K =Ky,
and let @ = @k . Let @ be the CM-type of K obtained from the embedding
&: W — C we chose in §5. Since % is simple we can apply Corollary 11.4, and
we see that K/K* is unramified at all finite primes, that no primes of &+ that
are inert in K/K* divide (F — V), and that Ng(F — V) <O0.

(12.1) Lemma. Let notation and assumptions be as above. The field X is a
Galois extension of Q, with Galois group G = V,.

Proof. Let m and 7’ be the two roots of 4z in C that have positive imaginary
parts. Then the four roots of hz in C are n, T =gq/n, n’,and T = q/7%.
Let N=Q(n, n').

Suppose z# and 7' are not coprime in @y . Then there is a p-adic valuation
v of Q c C such that v(n) >0 and v(%') > 0. Let ¥ be the CM-type of N
corresponding to v ; we have Ny(F —V) > 0. But the proof of Proposition 11.2
shows that Ngy(F —V') and Ng(F —V') have the same sign, and we already know
that No(F — V) < 0. This contradiction shows that 7 and &' are coprime in
Oy .

Since n|g = 7’7 and since © and T are coprime, we have #|n’, and since
n and 7’ have the same norm, the ideals (n) and (n’) of @y are equal. Let
H be the subgroup of Gal(N/Q) defined by H = {¢ | (cn) = (n)}. Then H
properly contains Gal(N/Q(n)) but H does not contain complex conjugation,
so Q(n) contains a quadratic subfield that is different from Q(z)* . This shows
that Q(n) is a Galois extension of Q with group V,, and since K = Q(n) we
are done. O

—

Let p be the non-identity element of the Galois group G of K/Q that fixes
K* . Let o be the non-identity element of the subgroup H of G defined in
the proof of Lemma 12.1, so that (F) = (6F), and let L be the fixed field of
{1, o}. Finally, let M be the fixed field of {1, gp}, so that K*, L,and M
are the three quadratic subfields of K, and L and M are imaginary.

Let AL € Z and Ay € Z be the discriminants of the fields L and M,
respectively. We have L = Q(vVAL) and M = Q(vAy). Since K/K* is
unramified at finite primes, we have (AL, Ay) =1.

Since % contains no principally polarized variety we must have Ix ¢ # 0,
so by Proposition 11.1 we have Xx ¢ = —1, which means that xx o(x) =
—1 for every totally imaginary x in K. Take for x the totally imaginary
element /A . Now, if ¢ is one of the elements of our CM-type ®, then the
other element must be ¢o, since (6F) = (F). Since a(vVAy) = —VAy , we
find that Ng(v/Ap) = —Apy > 0. Since xx.o(vVAy) = —1, the Artin symbol
((VAym), K/K*) must be —1. Taking norms from K* to Q, we find that
((Ap) L/Q) . In particular, Ay, # —-4,s0 M # Q(i).

Similarly we ﬁnd that No(VAL) = AL < O so that ((AL), M/Q) =1.

(12.2) Lemma. Let notation and assumptions be as above. Then Ay = -3, and
there is a primitive cube root of unity { € M and an integer « of L such that
F="C(a.
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Proof. Let & = o(F)/F. Then (&) is the unit ideal of & and ¢(&) has
magnitude 1 for every embedding ¢ of K into C, so & is a root of unity.
Now there are three possibilities: The first possibility is that & is an element
of L. The second is that £ is an element of M but not of L. This implies
that M is a cyclotomic field of degree 2 that is not Q(i); that is, M must be
Q(¢3) . The third possibility is that & lies neither in L nor in M . In this case,
K must be a cyclotomic field with Galois group V; that is unramified over its
maximal real subfield at all finite primes; that is, K must be Q({;2), and we
find that M = Q({3) and L = Q(i). In all three cases, we can find a root of
unity { € M such that w = &¢? is an element of L. Let a = F/{. Then
o(a) = wa, and since w € L, we have a = 6%(a) = w?a,so w = %1.

Suppose, to get a contradiction, that w = —1. The different dg/; is gener-
ated as an @k-ideal by the set of elements of the form of — B, for B € Ok .
Therefore vk, contains 2a and 2a and hence also 2F and 2V . Since F
and V are coprime by Lemma 4.12, the different 94, also contains 2, so
dk/L|20 . This implies that the different of M/Q divides 2, so that the dis-
criminant Ay, divides 4. But then we must have Ay, = —4, which is not the
case, as we noted above.

Thus w =1 and o(a) = a; thatis, a € L. Since F = {a isnotin L, it
must be that { € L. As above, this shows that Ay, = —3, so that { is a root
of unity, different from +1, in Q({3). Replacing a by —a and { by -, if
necessary, we see that F = {a is of the form claimed in the statement of the
lemma. a

Now that we know that M = Q({), the fact that ((Ar), M/Q) =1 implies
that |Az| = 1 mod 3, so that Ay = —1 mod 3.

The next lemma will help us make use of the knowledge that all of the primes
of K* that divide (F — V) splitin K/K*.

(12.3) Lemma. Let notation and assumptions be as above and let p be a prime
of K+ lying over a prime ¢ of Q.
(a) Suppose that £{ALAy . Then p splits in K/K* if and only if ¢ splits
in M/Q orin L/Q.
(b) Suppose that £|Ap. Then p splits in K/K* if and only if £ splits in

M/Q.
(c) Suppose that £|Ay = —3. Then p does not split in K/K*.

Proof. Suppose £ { ALAy , so that £ does not ramify in K/Q. Then p is inert
in K/K* if and only if the decomposition group D, of p is {1, p}, which is
the case if and only if ¢ is inert in both L/Q and M/Q. The contrapositive
of this statement is statement (a) of the lemma. Now suppose ¢|A;. Then ¢
ramifies in K/Q, so that p splits in K/K* if and only if there are two primes
of K over ¢, which in turn holds if and only if ¢ splits in M/Q. This is
statement (b). Finally, suppose ¢ = 3. Then ¢ ramifies in M/Q and ¢ is
inert in L/Q, because Ay, = —1 mod 3. Thus p must be inertin K/K*. 0O

Let b be the positive integer —Ng(F — V).

(12.4) Lemma. Let notation and assumptions be as above. Then every prime
dividing b is 1 modulo 3.
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Proof. Since the primes of Q that split in M/Q are the primes that are 1
modulo 3, it will be enough to show that every prime dividing b splits in
M/Q. So suppose £ is a prime divisor of ». Then there is a prime p of K+
lying over £ that divides the ideal (F — V). Our assumptions on the isogeny
class & imply that p splits in K/K*; by Lemma 12.3, this shows that ¢ # 3
and that either ¢ splits in M/Q or ¢ splitsin L/Q. If ¢ splits in M/Q we
are done, so assume that ¢ splitsin L/Q.

An easy calculation shows that No(F — V) = o? + aa+ @, where for conve-
nience we denote p(a) by @. Since £ splits in L/Q, there is a ring homomor-
phism s:@; — Z/¢Z. Since ¢ divides b we have s(a)?+s(a)s(@) +s(@)? =0,
and since (F,V) = (a,@) = 1, neither @ nor @ maps to 0 via s. Thus,
B = s(a)/s(@) is a root in Z/¢Z of the polynomial X2+ X + 1. Since £ # 3,
this shows that ¢ splits in A/, the splitting field of X2+ X +1 over Q. O

Let a be the rational integer Try/g(a) = a +@. From the equality FV =g
we see that aa = ¢, and it is easy to check that this equality and the fact that
b = —(a® 4+ aa + @) imply that ¢ = a2 + b. It is also easy to check that the
minimal polynomial of F = {a is X*+aX3—bX2+aqX +4?, and since % is
ordinary, the middle coefficient —b is coprime to ¢ . This completes the proof
of the “only if” part of Theorem 1.3.

Now we turn to the “if” part of the theorem. Suppose & = X*+aX3-bX%+
aqX + q*, where q = a* + b and where a and b are integers such that b is
positive and coprime to ¢, and such that all of the prime divisors of » are 1
modulo 3. Let { be a primitive cube root of unity in C, and let a be a root
in C of the polynomial f = X?—-aX+q. Let L=Q(a) and M =Q({). The
discriminant A of f is equal to a2 — 4q ; from the equality A = —b — 3g we
see that A is negative and is congruent to 2 modulo 3, so L is an imaginary
quadratic field that is different from M . Let K = Q(a, {) and let F ={a. It
is easy to check that F is a Weil g-number with minimal polynomial 4. Let
% be the isogeny class of simple ordinary abelian varieties corresponding to /.

Let K* be the maximal real subfield of the CM-field K . Since A is coprime
to 3, the field extension K/K+* is unramified at all finite primes. One can check
that the ®-norm of F — q/F is equal to —b. Since all the primes dividing b
splitin M/Q, all the primes of K* dividing (F —¢q/F) splitin K/K*. Thus,
by Corollary 11.4, the isogeny class & does not contain a principally polarized
variety. This completes the proof of Theorem 1.3. O

(12.5) Corollary. Let q be a power of a prime number p and let k be a field
with q elements. There is a bijection between the set of isogeny classes of two-
dimensional ordinary abelian varieties over k that do not contain principally
polarized varieties and the set of pairs of integers (a, b) such that ¢ = a*> + b
and b is a positive integer, coprime to q, all of whose prime divisors are 1
modulo 3.

Proof. Immediate from Theorem 1.3. O

(12.6) Corollary. Suppose A is a two-dimensional ordinary abelian variety over
a finite field k that is not isogenous to a principally polarized variety. Then over
the cubic extension of k the variety A becomes isogenous to a product of an
elliptic curve with itself.
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Proof. We saw in the proof of Theorem 1.3 that the Weil number of the isogeny
class of such an A4 is of the form n = {a, where a is quadratic over Q and
{ 1is a cube root of unity. The Weil polynomial of this isogeny class over the
cubic extension of k is the characteristic polynomial of 73 = a3, which is
the square of the minimal polynomial of a3. This factorization of the Weil
polynomial corresponds to the factorization of the isogeny class of 4 over the
cubic extension of the base field into the product of an isogeny class of elliptic
curves with itself. O

(12.7) Corollary. Suppose that q is a power of 3 or that q = r? for a prime
power r that is 2 modulo 3. Let k be a field with q elements. Then every
isogeny class of two-dimensional ordinary abelian varieties over k contains a
principally polarized variety.

Proof. If q is a power of 3 then it is not possible to write ¢ as a2+ b where
b is 1 modulo 3; to see this, simply look at a? + b modulo 3. Thus, by
Theorem 1.3 every isogeny class of two-dimensional ordinary abelian varieties
over k contains a principally polarized variety.

Suppose g = r? for some r thatis 2 modulo 3. Let a be any integer such
that g — a? is positive. Then r —a and r + a are both positive divisors of
q — a*, and at least one of these numbers is not 1 modulo 3. Hence ¢ — a?
has prime divisors that are not 1 modulo 3. Again by Theorem 1.3, every
isogeny class of two-dimensional ordinary abelian varieties over k contains a
principally polarized variety. O

13. APPLICATIONS AND EXAMPLES

We saw in Theorem 1.3 that most isogeny classes of simple two-dimensional
ordinary abelian varieties over a finite field k contain a principally polarized
variety. By combining this information with a theorem of Weil, as interpreted
by Oort and Ueno, we obtain the following theorem, which can be viewed as
an extension of [16, Theorem 1.2, p. 32].

(13.1) Definition (see [14]). A good curve over a field k is a reduced but possibly

reducible curve C over k that is stable (in the sense of [4, Definition 1.1]) and
whose Jacobian Pico(C ) is an abelian variety. Equivalently, a good curve over

k isacurve C over k such that the curve Cy over the algebraic closure k of
k satisfies the following conditions:

(a) The curve (i is connected and reduced.

(b) If Gt has more than one component, then every component of genus
zero Intersects at least three other components.

(c) Every singularity of C; is a node.

(d) Every component of Ci is a non-singular curve.

(e) The dual graph of (i is a tree; here the dual graph is the graph con-
structed by taking one vertex vp for every component D and by draw-
ing one edge between vp and vp for every point of intersection be-
tween D and D'.

The genus of a good curve is the sum of the genera of its components.

(13.2) Remark. The characterization of good curves in [14] is incorrect.
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(13.3) Theorem. Let k be a field with q elements and let & be an isogeny class
of two-dimensional ordinary abelian varieties over k. Let

h=X*+aX>-bX*+aqX +q*

be the Weil polynomial for €, so that b is coprime to q. Then & contains
the generalized Jacobian of a good curve C over k of genus two if and only if
either g #a%>+b or b <0 or b has a prime divisor that is not 1 modulo 3.

Proof. Suppose that either ¢ # a>+ b or b < 0 or b has a prime divisor
that is not 1 modulo 3. Then from Theorem 1.3 we know that & contains
a principally polarized variety 4. Let A be a principal polarization of 4.
Then there is a good curve C over k of genus two whose canonically polarized
generalized Jacobian is isomorphic to (4g, A7) ; this is a result of Weil ([21,
Satz 2, p. 37]) as restated by Oort and Ueno ([14, Theorem 4, p. 378]).

Let o be the gth-powering automorphism of k/k. Since 4 and A are
defined over k, there is an isomorphism y: (Ag, A;)? = (4, A7) . Because C
is either a hyperelliptic curve or two elliptic curves joined together at a point,
Torelli’s theorem says that there is an isomorphism ¢:C — C° that gives rise
to the isomorphism y . Since the Galois group G of k/k is freely generated
as a profinite group by o, the isomorphism ¢ gives us an action of G on
C . By Weil descent, this action of G defines a curve D over k such that Dg
with its natural G-action is isomorphic to C with the G-action we just defined.
Let (B, u) be the canonically polarized Jacobian of D ; then Torelli’s theorem
shows that there is a G-equivariant isomorphism from (Bg, uz) to (Ag, 4z) -
Thus (B, u) = (A4, 1), and A is isomorphic to the Jacobian of D.

On the other hand, if ¢ = a2 + b and b is a positive number all of whose
prime factors are 1 modulo 3, then by Theorem 1.3 there is no principally
polarized variety in %, so in particular there is no Jacobian in % . O

We saw in Corollary 12.6 that if 4 is a two-dimensional ordinary abelian
variety over a finite field £ and if A4 is not isogenous to a principally polarized
variety, then over the cubic extension ¢ of k the variety 4 x; £ is isogenous to
a product of an elliptic curve with itself; in particular, this means that A is not
absolutely simple. The obvious question is whether there exists an absolutely
simple abelian variety over a finite field k£ that is not isogenous to a principally
polarized variety. The following examples show that such varieties do exist.

(13.4) Example. Let { = {9 be a primitive 20th root of unity and let K =
Q(¢). Since 4 and 5 both divide 20, the field K is unramified over its
maximal real subfield K+ except at the infinite primes. The prime p = 41
of Q splits completely in K, and one of the primes of K lying over it is the
principal ideal generated by a = 1 + { — {?; one can verify this by noting that
Ngjg(a) =p. Let m = (2. aW+3+(M+UD " where the exponents in parentheses
are viewed as elements of the Galois group G = (Z/20Z)* of K over Q. The
subset {(1 mod 20), (3 mod 20), (7 mod 20), (11 mod 20)} of G is fixed by
no non-trivial subgroup of G, so the ideal (#) is not the lift of an ideal from a
proper subfield of K. In particular, 7 is not contained in any proper subfield
of K.

Complex conjugation on K corresponds to the element (—1 mod 20) of G,
$0 77 = Nk/o(a) = p. Thus 7 is a Weil number. The minimal polynomial of
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h=X3-2X"-87X%+106X° +4205Xx*
+4346X3 — 146247X% — 137842.X + 2825761,

and since p does not divide 4205, the polynomial /4 is an ordinary Weil poly-
nomial. We can calculate, using Proposition 9.5 for example, that the norm of
n—T is 93025 = 52.612. The decomposition group of 5 in K/Q is the sub-
group of G generated by (13 mod 20). Since this subgroup does not contain
(=1 mod 20), every prime of K* lying over 5 splits in K. The decomposi-
tion group of 61 in K/Q is the subgroup of G generated by (61 mod 20) =
(1 mod 20), so 61 splits completely in K. In particular, we see that every
prime of K* dividing the ideal (n —7) splits in K.

Finally, we notice that the middle coefficient 4205 of % is congruent to
—5.61 modulo p, so that Proposition 11.5 tells us that the ®-norm of 7 — 7
is negative. By Corollary 11.4, the isogeny class & of ordinary abelian varieties
corresponding to 4 does not contain a principally polarized variety.

Let ¢ be a field extension of k of degree n. The isogeny class %, of
ordinary abelian varieties over £ that contains the lifts to £ of the varieties in
% corresponds to the Weil number n”. The same argument that showed that
7 is not contained in a proper subfield of K shows that n” does not lie in a
proper subfield of K. This means that the characteristic polynomial of n” is
irreducible, so that % is a simple isogeny class. Thus % is an absolutely simple
isogeny class of four-dimensional ordinary abelian varieties over F;; that does
not contain a principally polarized variety.

(13.5) Example. Let { = {54 be a primitive 24th root of unity, and let K =
Q({). Again we find that K/K* is unramified at all finite primes. The prime
p = 73 of Q splits completely in K, and one of the primes of K lying over
it is generated by o = {8+ 3 — 1. Let n = (6. oD+O)+(M+(13) " where again
the exponents in parentheses are viewed as elements of Gal(K/Q) = (Z/24Z)* .
Then #n7 = 73, and the minimal polynomial of 7 is

h=X8—16X" +64X° +776X° — 13289X*
+56648X3 + 341056 X2 — 6224272.X + 28398241 ;

since p does not divide 13289, the polynomial 4 is an ordinary Weil polyno-
mial. One can check that Nyq(n — ) = 194481 = 3*. 74, that every prime of
K™ lying over 3 or 7 splits in K/K*, and that the middle coefficient of 4 is
congruent to —32.72 modulo p. Then Corollary 11.4 and Proposition 11.5 tell
us that the isogeny class % of ordinary abelian varieties over F;3 correspond-
ing to A does not contain a principally polarized variety. As in the previous
example, & consists of absolutely simple varieties.

In each of the two previous examples we found an isogeny class & of abelian
varieties over a finite field k that does not contain a principally polarized vari-
ety. However, for each of these examples there is another isogeny class & of
abelian varieties over k that does contain a principally polarized variety and
such that the isogeny classes % and 25 over the algebraic closure k of k are
equal. The following example shows that it is possible to find an isogeny class
% such that no such & exists.
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(13.6) Example. Let K = Q(v—=2,vV—7,vV—11), let u = /=2, let v =
(1++v=7)/2,let w = (1++/—11)/2, and let o (respectively, T, p) be the
non-trivial automorphism of K that fixes v and w (respectively, ¥ and w,
u and v). The discriminants of Q(u#) and Q(v) and Q(w) are coprime, so
the field K is unramified over K* = Q(v14, v22) at all finitc primes. Let
p = 617; the prime p splits completely in K/Q, and one of the primes lying
over it is generated by a = u+v+w . Let n = a!*?*™?  Complex conjugation
is given by the automorphism o1p, so n -7 = Nk/o(a) = p and = is a Weil
number. The minimal polynomial of 7 is

h=X3—112X7 +5404X° — 156688.X° + 3788262X*
— 96676496 X3 + 2057243356.X2% — 26307132656 X + 144924114721,

which is an ordinary Weil polynomial. The norm of n — 7 is 21¢.3%.672.
One can check that the decomposition group of 2 in K/Q is {1, g, p, op},
that the decomposition group of 3 is {1, 7}, and that the decomposition group
of 67 is {1}. Since none of these groups contains ¢7p, every prime of K+
dividing (m —7) splits in K/K* . Finally, one notes that the middle coefficient
of h is congruent to —28.32.67 modulo 617, so the isogeny class % of ordi-
nary abelian varieties over k = Fg;7 corresponding to /# contains no principally
polarized varieties. Also, & is absolutely simple, because the ideal (7) is fixed
by no non-trivial subgroup of the Galois group of K/Q.

Suppose 7’ € K’ is a Weil number corresponding to an isogeny class & of
ordinary abelian varieties over k that becomes equal to & over k. Then the
same statement is true over some finite extension ¢ of k, say of degree n. Then
we must have Q(n") = Q(n'"), with the isomorphism taking #" to n’”. Since
% is absolutely simple we have K = Q(n"), so we have K = Q(n") = Q(n'") C
K’ . Since K’ and K both have degree four over Q, we can take K’ = K and
we can think of 7’ as an element of K. Consider the element ¢ = n/n’ of K.
The element ¢ is a unit of the ring of integers of K because n and n’ generate
the same ideal of K, since they have equal nth powers. Also, since ¢(rn) and
@(n') have absolute value p!/2 for every embedding ¢ of K into C, the unit
¢ must have absolute value 1 under every such embedding. Thus ¢ is a root
of unity. Now, the only roots of unity in K are 1 and -1, so either n’ ==«
or n' = —n. In either case, one can check from the minimal polynomial of 7’
that the isogeny class & also contains no principally polarized varieties.

Let k be a finite field with ¢ elements. Suppose & is an isogeny class
of two-dimensional ordinary abelian varieties over k, and suppose & is an
isogeny class of ordinary elliptic curves over k. Let & = & x &. We will
investigate circumstances under which the obstruction element Iz is non-zero.

(13.7) Example. Suppose the isogeny class & corresponds to a Weil polynomial
h=X*+aX>-bX?+agX +q*

and let ¢ = X2 — tX + g be the Weil polynomial for & . Since Ry =
RL[T)/(T* — (F + V)T + q), the natural injection Ry — Ry x Rg is an
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isomorphism if and only if R — R% x RY is an isomorphism. This last injec-
tion is an isomorphism if and only if the resultant of A* and g* is +1, where
h* and g* are the minimal polynomials of Fg+Vy and Fg+ Ve, respectively.
When Ry — Rg x Rg is an isomorphism, we have & (%) = B (D) @ Z (&)
and Iz = (Iy, I¢). Since Z (&) =0 by Example 10.7, we see that in this case
Iz =0 if and only if I5 =0.

One can show, using Remark 9.3 for example, that A+ = X%+ aX — (b +2q)
and that g+ = X — ¢, so the resultant of g* and h* is 2 4+ at — (b +2q).
Suppose, for example, we take p = g =17, a =2, b =13,and ¢t = 6.
Then Theorem 1.3 tells us that /# is a Weil polynomial and that I, # 0. The
resultant of g+ and A% is 1,s0 Iz #0.

(13.8) Example. Let p =g =17 and let A = X* +2X3 — 13X2 + 34X + 289
be as in the previous example, so that 4 corresponds to an isogeny class &
of two-dimensional ordinary abelian varieties with I # 0. We will find an
isogeny class &' of elliptic curves over F, such that Ig,g =0.

Let K = K5 and let @ = @k . The methods used in the proof of Theorem 1.3
show that K = Q(v/—3, v/—1), so that K* = Q(v/3). The prime 2 ramifies in
@+, say 20+ =2 for some ideal t of &*. The prime t remains inert in &,
so the image of @#*/t in & (@) is non-zero, and its image in #Z(Rg) is Iy .
Let p = R{ Nt. The prime p has residue field F, (because t does), and since
h factors modulo 2 as (X2 + X + 1)2, the prime p is inert in Rg /R .

Let g = X2 — X + 17. There is an isogeny class &’ of ordinary elliptic
curves with g = hg, . Since g is irreducible modulo 2, the prime q = (2) of
R%, =Z is inert in Rg: .

Let & be the isogeny class of three-dimensional ordinary abelian varieties
over F, corresponding to the Weil polynomial sg . Because g factors modulo
2 as (X?+ X + 1)3, the ring Rg has exactly one prime ¢ lying over 2,
corresponding to the homomorphism Rgy — K, that sends Fgp to o € K,
where a? +a+ 1 = 0. The image of RY = Z[Fgz + Vg] under reduction
modulo v is equal to F,, because Fz + Vz lands on the trace of «, which is
1. Thus, R has one prime t over 2, and t is inert in Rg/R% . The prime
t is singular, since it contains the two minimal ideals of R} that lie under
R% x0 and Ox RE, .

Now apply Proposition 10.5 with R = R and S = Ry x Rg: . The primes
p'=pxR%, and ¢’ = RE x q of S* both lie over ¢, so in the notation of
Proposition 10.5, both y,, and y, map to the element x. of C;. Thus y,
and y, have the same image in % (R), so the elements (I, 0) and (0, Ig/)
of % (S) have the same image in % (R). Now Iz = 0 by Example 10.7, so
both Iy and Iz map to 0 in Z(R). By definition Iz is the sum of the
images of Iy and Iy in Z(R), so Iz = 0. This shows that & contains a
principally polarized variety, even though & does not.

To summarize: In the previous two examples we have found isogeny classes
& and &' of elliptic curves and an isogeny class < of two-dimensional va-
rieties with I¢ = Iy, = 0 and with Iy # 0, and such that Ig,e # 0 and
I,z = 0. These examples show that the obstruction element of an isogeny
class really does depend not just on the obstruction elements of its factors but
also on how the factors interact with one another.
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